ALGEBRO-GEOMETRIC SOLUTIONS OF THE 
CAMASSA HOLM HIERARCHY 



FRITZ GESZTESY AND HELGE HOLDEN 



Abstract. We provide a detailed treatment of the Camassa-Holm (CH) hier- 
archy with special emphasis on its algebro-geometric solutions. In analogy to 
other completely integrable hierarchies of soliton equations such as the KdV 
or AKNS hierarchies, the CH hierarchy is recursively constructed by means 
of basic polynomial formalism invoking a spectral parameter. Moreover, we 
study Dubrovin-type equations for auxiliary divisors and associated trace for- 
mulas, consider the corresponding algebro-geometric initial value problem, and 
derive the theta function representations of algebro-geometric solutions of the 
CH hierarchy. 



1. Introduction 

Very recently, the Camassa-Holm (CH) equation, also known as the dispersive 
shallow water equation, as isolated, for instance, in [17] and [18], 

4u t - u xxt - 2uu xxx ~ Au x u xx + 2Auu x = 0, (x, t) e M 2 (1.1) 

(chosing a scaling of x,t that's convenient for our purpose), with u representing 
the fluid velocity in x-direction, received considerable attention. Actually, (1.1) 
represents the limiting case k — > of the general Camassa-Holm equation, 

4u< - v xxt - 2vv xxx - iv x v xx + 2Avv x + 4nv x = 0, keI, (x, t) e R 2 . (1.2) 

However, in our formalism the general Cammassa-Holm equation (1.2) just repre- 
sents a linear combination of the first two equations in the CH hierarchy and hence 
we consider without loss of generality (1.1) as the first nontrivial element of the 
Camassa-Holm hierarchy. Alternatively, one can transform 

v(x, t) i-» u(x, t) = v(x - (n/2)t, t) + (k/4) (1.3) 

and thereby reduce (1.2) to (1.1). 

Various aspects of local existence, global existence, and uniqueness of solutions of 
(1.1) are treated in [27], [24], [25], [30], [51], [52], [57], [58], [60], wave breaking phe- 
nomena are discussed in [23], [26], [28]. Soliton-type solutions (called "peakons") 
were extensively studied due to their unusual non-meromorphic (peak-type) be- 
havior, which features a discontinuity in the ^-derivative of u with existing left 
and right derivatives of opposite sign at the peak. In this context we refer, for 
instance, to [3], [5], [7], [8], [10], [12], [13], [14], [17], [18]. Integrability aspects 
such as infinitely many conservation laws, (bi-)Hamiltonian formalism, Backlund 
transformations, infinite dimensional symmetry groups, etc., are discussed, for in- 
stance, in [17], [18], [38], [41] (sec also [42]), [56]. The general CH equation (1.2) 
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is shown to give rise to a geodesic flow of a certain right invariant metric on the 
Bott-Virasoro group in [53]. In the case k = 0, the CH equation (1.1) corresponds 
to the geodesic flow on the group of orientation preserving diffeoniorphisms of the 
circle. This follows from the Lie-Poisson structure established in [18] and is also 
remarked upon in [53]. That the equations define a smooth vector field was first 
observed by Shkoller in the case of periodic [57] and Dirichlet [58] boundary condi- 
tions, which directly leads to the corresponding local existence theory. Scattering 
data and their evolution under the CH flow are determined in [11] and intimate 
relations with the classical moment problem and the finite Toda lattice are worked 
out in [12], [13], and [14]. The case of spatially periodic solutions, the correspond- 
ing inverse spectral problem, isospectral classes of solutions, and quasi-periodicity 
of solutions with respect to time are discussed in [20], [21], [22], and [29]. More- 
over, algebro-geometric solutions of (1.1) and their properties are studied in [1], 
[2], [3], [4], [5], [6], [7], [8] (connections as well as differences between the latter 
references and our own approach to algebro-geometric solutions will be outlined in 
the following paragraph). Moreover, even though the following very recent develop- 
ments are not directly related to the principal topic of this paper, they put the CH 
equation in a broader context: In [34], a basic integrable shallow water equation, 
originally introduced in [17], is analyzed in detail. It combines the linear dispersion 
of the KdV equation with the nonlinear/nonlocal dispersion of the CH equation 
and contains the KdV and CH equations (as well as an equation studied by Forn- 
berg and Whitham [40]) as special limiting cases. Finally, the three-dimensional 
viscous Camassa-Holm equations, their connection with the Navier-Stokes equa- 
tions, estimates for the Hausdorff and fractal dimension of the associated global 
attractor, and turbulence theory according to Kolmogorov, Landau, and Lifshitz, 
are discussed in [39]. 

Our own approach to algebro-geometric solutions of the CH hierarchy differs 
from the ones pursued in [1], [2], [3], [4], [5], [6], [7], [8] in several aspects and 
we will outline some of the differences next. Following previous treatments of the 
KdV, AKNS, Toda, and Boussinesq hierarchies and the sine-Gordon and massive 
Thirring models (cf., e.g., [16], [31], [32], [35], [45], [46], [47], [48], [49], [50]), we 
develop a systematic polynomial recursion formalism for the CH hierarchy and its 
algebro-geometric solutions. In contrast to the treatments in [3], [7], and [8], we rely 
on a zero-curvature approach U t — V x = [V,U] (as the compatibility requirement 
for the system $> x = U i ^ 1 = V\&) as opposed to their Lax formalism. However, 
we incorporate important features of the recursion formalism developed in [5] into 
our zero-curvature approach. Our treatment is comprehensive and self-contained 
in the sense that it includes Dubrovin-type equations for auxiliary divisors on the 
associated compact hyperelliptic curve, trace formulas, and theta function rcprc- 
senations of solutions, the usual ingredients of such a formalism. Moreover, while 
[3], [7], [8] focus on solutions of the CH equation itself, we simultaneously derive 
theta function formulas for solutions of any equation of the CH hierarchy. The key 
element in our formalism is the solution of a Riccati-type equation associated 
with the zero-curvature representation of the CH equation (1.1). Roughly speak- 
ing, 4> = —Z1P2/1P1, where ^ = (ipi,^)* and z denotes a spectral parameter in U 
and V (cf. (2.42) for more details). <j> is then used to introduce appropriate auxil- 
iary divisors on the underlying hyperelliptic curve, the Baker- Akhizer vector in the 
stationary case, etc. Combining <f> with the polynomial recursion formalism for the 
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CH hierarchy then leads to Dubrovin-type differential equations and trace formu- 
las for u in terms of auxiliary divisors. Explicit theta function representations for 
symmetric functions of (projections of) these auxiliary divisors then yield the theta 
function representations for any algebro-geometric solution u of the CH hierarchy. 
Here our strategy differs somewhat from that employed in [3], [7], [8] for the CH 
equation. While the latter references also employ the trace formula for u in terms 
of (projections of) auxiliary divisors, they subsequently rely on generalized theta 
functions and generalized Jacobians (going back to investigations of Clebsch and 
Gordan [19]), whereas we stay within the traditional framework familar from the 
KdV, AKNS, Toda hierarchies, etc. Finally, we point out a novel feature of our 
treatment of the CH hierarchy that appears to be with out precedent. In Theorems 
3.11 and 4.10 we formulate and solve the algebro-geometric initial value problem for 
the stationary and time-dependent CH hierarchy, in the following sense. Starting 
from the initial value problem for auxiliary divisors induced by the Dubrovin-type 
equations, we define u in terms of the trace formula involving the (projections of) 
auxiliary divisors and then prove directly that u so defined satisfies the correspond- 
ing (stationary, resp., time-dependent) equation of the CH hierarchy. 

Without going into further details, we note that our constructions extend in a 
straightforward manner to a closely related hierarchy of completely intcgrable non- 
linear evolution equations, the Dym hierarchy. For different approaches to algebro- 
geometric solutions of the latter we refer to [3] , [6] , [9] , [33] , and [55] . 

In Section 2 we develop the basic polynomial recursion formalism that defines 
the CH hierarchy using a zero-curvature approach. Section 3 then treats the 
stationary CH hierarchy and its algebro-geometric solutions. The corresponding 
time-dependent results are the subject of Section 4. Appendix A summarizes the 
necessary results needed from the theory of compact Riemann surfaces and also 
serves to establish the notation used throughout this paper. Appendix B contains 
a few technical results concerning the polynomial recursion formalism and associ- 
ated high-energy expansions. Finally, Appendix C provides a detailed discussion of 
elementary symmetric functions associated with Dirichlet divisors and their repre- 
sentations in terms of theta functions associated with the underlying hyperelliptic 
curve. It contains several core results needed in our derivation of algebro-geometric 
solutions of the CH hierarchy. The results of this appendix apply to a variety of 
soliton equations and hence arc of independent interest. 

2. The CH hierarchy, recursion relations, and hyperelliptic curves 

In this section we provide the basic construction of a completely integrable hi- 
erarchy of nonlinear evolution equations in which the Camassa-Holm equation, or 
dispersive shallow water equation, is the first element in the hierarchy (the higher- 
order CH equations will turn out to be nonlocal with respect to a;). We will use 
a zero-curvature approach and combine it with a polynomial recursion formalism 
containing a spectral parameter. 

Throughout this section we will suppose the following hypothesis. 

Hypothesis 2.1. In the stationary case we assume that 

ueC°°(WL), — eL°°(R), me N . (2.1) 
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In the time- dependent case we suppose 

d m u 

u(-,t)eC°°(R), ^(•,t)6i 00 (R), m G No, t£t, 

u(£, • ),u xx (x, ■ ) e C^R), i£l. (2.2) 

We start by formulating the basic polynomial setup taken essentially from [5]. 
One defines {fe}eeN recursively by 

Jo - 1, 

fe,x = -2G(2(Au - u xx )f e -!, x + (Au x - u xxx )fe-i) , feN, (2.3) 
where Q is given by 

Q: L°°(M) L°°(R), = 7 / <fy e^-^^), iel,»e L°°(R). 

(2.4) 

One observes that Q is the resolvent of minus the one-dimensional Laplacian at 
energy parameter equal to —4, that is, 



The first coefficient reads 

/i = -2u + ci, (2.6) 
where ci is an integration constant. Subsequent coefficients are non-local with 
respect to u. At each level a new integration constant, denoted by C£, is introduced. 
Moreover, we introduce coefficients {gi}eeN an d {he}eeN by 

9i = fi + \fe, x , ^N , (2.7) 
h e = (4?i - u xx )f e - ge+i, x , L G N . (2.8) 
Explicitly, one computes 
/o = 1, 

/1 = -2m + ci, 

/ 2 = 2?i 2 + 2g(w 2 + 8u 2 ) + ci(-2u) + c 2 , 

50 = 1, 

51 = - 2m - "a + ci, (2.9) 

52 = 2?i 2 + 2uu x + 2Q{u 2 x + u x u xx + 8uu x + 8u 2 ) 

+ c\(-2u - u x ) + c 2 , 
h = 4u + 2u x , 
h\ = —2u x — 4uu x — 8u 2 

- 2Q (u x u xxx + u 2 xx + 2u x u xx + 8uu xx + 8u 2 x + 16uu x ) 

+ Ci(4u + 2u x ), etc. 

For later use it is convenient also to introduce the corresponding homogeneous 
coefficients fa, gt, and hi defined by the vanishing of the integration constants Cfc, 
k = 1, . . . , £, 

/o = /o = l, // = //| Cfc =o, fc =w. ^N, (2.10) 
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ft =30 = 1, g e =5/| Cfc=0>fc=li ... i/ , ^N, (2.11) 

/io = ^o = (4?i + 2 U;c ), ^ = ^| Cfe =o,fc=i,...,r eeN - ( 2 - 12 ) 

Hence, 

£ £ t 

ft = ^2 ce-kfk, 9i = ^2 ct-kfa, hi = c t-k h k, i e N , (2.13) 

fc=0 fe=0 fe=0 

denning 

c = 1. (2.14) 
Next, given Hypothesis 2.1, one introduces the 2x2 matrix 

U(z,x) = ( _ lf , 7 1 J], (2.15) 

and for each n £ No the following 2x2 matrix V n 

V n (z,x) = (~?Z {Z A n n [ Z : X l) , n £ No, z £ C\ {0}, a: £ R. (2.16) 



v z 1 H n (z,x) G n {z,x) J 
Postulating the zero-curvature condition 

-V n , x (z,x) + [U(z,x),V n {z,x)] = (2.17) 

one finds 

F n , x (z,x) = 2G n (z,x) - 2F n (z,x), (2.18) 

zG n , x (z,x) = (Au(x) - u xx (x))F n (z,x) -H n (z,x), (2.19) 

H n , x (z, x) = 2H n (z, x) - 2{Au{x) - u xx (x))G n (z, x). (2.20) 

From (2.18)-(2.20) one infers that 

^det(V n (z,x)) = -lJi(zG n {z,x) 2 + F n (z,x)H n (z,x)^j =0, (2.21) 
and hence 

zG n (z,x) 2 + F n (z,x)H n (z,x) =Q 2n +i{z), (2.22) 

where the polynomial Q 2n +i of degree 2n + 1 is x-independent. Actually it turns 
out that it is more convenient to define 

2n+l 

R2n+2(z) = zQ 2n+1 (z) = Y[ (z - E m ), E a = 0, E u . . .,E 2n+1 £ C (2.23) 

m=0 

so that (2.22) becomes 

z 2 G n (z,x) 2 + zF n {z,x)H n (z,x) = R 2n+2 (z). (2.24) 

Next one makes the ansatz that F n , H n , and G n are polynomials of degree n, 
related to the coefficients fi, hi, and ge by 



F n (z,x) = J2fn-e(x)z e , ( 2 - 25 ) 

1=0 
n 

G n {z,x) = Y J 9n-i{x)z t , (2.26) 
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H n {z,x) = Y,K-t{x)z t . (2.27) 

1=0 

Insertion of (2.25)-(2.27) into (2.18)-(2.20) then yields the recursion relations (2.3)- 
(2.4) and (2.7) for fg and gi for I = 0, . . . , n. In the case n G N we obtain the 
recursion (2.8) for hi for £ = 0, . . . , n — 1 and 

ft n = (4u - u xx )/ n . (2.28) 

(When n = one gets directly /to = (4u — u xx ).) Moreover, taking z = in (2.24) 
yields 

2n+l 

fn(x)h n (x) = J] ( 2 - 2 9) 
m— 1 

In addition, one finds 

/i„ ;X (a;)-2/i„(a;) + 2(4M(a;)-u ra (a;))ff„(a;) = 0, n e N . (2.30) 

Using the relations (2.28) and (2.7) permits one to write (2.30) as 

s-CH„(u) = (u xxx - 4u x )f n - 2(4u - u xx )f n/x = 0, n e N . (2.31) 

Varying n E No in (2.31) then defines the stationary CH hierarchy. We record the 
first few equations explicitly, 

s-CHo(u) = u xxx - Au x = 0, 

s-CHi(w) = — 2uu xxx — Au x u xx + 2Auu x + c\{u xxx — Au x ) = 0, (2.32) 
s-CH 2 (w) = 2u 2 u xxx - 8uu x u xx - A0u 2 u x + 2(u xxx - Au x )Q(u 2 x + 8m 2 ) 
- 8(4u - u xx )Q(u x u xx + Suu x ) 

+ ci(-2uu xxx - Au x u xx + 2Auu x ) + c 2 (u xxx - Au x ) = 0, etc. 

By definition, the set of solutions of (2.31), with n ranging in No, represents 
the class of algebro-geometric CH solutions. If u satisfies one of the stationary CH 
equations in (2.31) for a particular value of n, then it satisfies infinitely many such 
equations of order higher than n for certain choices of integration constants eg. At 
times it will be convenient to abbreviate algebro-geometric stationary CH solutions 
u simply as CH potentials. 

For later use we also introduce the corresponding homogeneous polynomials Ft, 
Gi, and Hg defined by 



F t (z) = F t (z)\ Ck=0tk=1 e = J2h- kzk > * = 0,...,n, (2.33) 

fc=0 
£ 

Gi(z) = Gi(z)\ ck=ok=h e = J2k- k z k , e = 0,...,n, (2.34) 

fc=0 

i 

H e (z) = H e (z)\ ck=() k=1 t _ e = J2 hi - kzk > ^ = 0,...,n-l, (2.35) 

fc=0 

n 

H n (z) = (Au - u xx )f n + h n -kz k . (2.36) 



fe=i 



THE CAMASSA-HOLM HIERARCHY 



7 



In accordance with our notation introduced in (2.10)-(2.12) and (2.33)-(2.36), 
the corresponding homogeneous stationary CH equations are then defined by 

s-CH» = s-CR n (u)\ ce=0i t=h n = 0, n e N . (2.37) 

Using equations (2.18)-(2.20) one can also derive individual differential equations 
for F n and H n . Focusing on F n only, one obtains 

(z,x)-4(z 1 (4u(x) - u xx {x)) + l)F ntX (z,x) 

-2z- 1 (Au x (x) -u xxx (x))F n (z,x) = 0. (2.38) 

This is of course consistent with (2.25) and (2.3) (applying Q' 1 to (2.3)). Multi- 
plying (2.38) with F n and integrating the result yields 

F n , xx F n - 2~ x Fl x - 2F 2 - 2z-\4u - u xx )F 2 = C(z), (2.39) 

for some C(z), constant with respect to x. Differentiating (2.18), inserting (2.19) 
into the resulting equation, and comparing with (2.18) and (2.24) then yields 

C(z) = -2z- 2 R 2n+2 (z). (2.40) 

Thus, 

- (z 2 /2)F n , xx (z, x)F n (z, x) + (z 2 /4)F n , x (z, xf + z 2 F n (z, xf 

+ z(4u(x) - u xx (x))F n (z,x) 2 = R 2n +2(z). (2.41) 

Next, we turn to the time-dependent CH hierarchy Introducing a deformation 
parameter t n <E M into u (i.e., replacing u(x) by u(x,t n )), the definitions (2.15), 
(2.16), and (2.25)-(2.27) of U, V n , and F n , G n , and H n , respectively, still apply. 
The corresponding zero-curvature relation reads 

U tn (z,x,t n ) - V n , x (z,x,t n ) + [U(z,x,t n ),V n (z,x,t n )} = 0, neN , (2.42) 

which results in the following set of equations 

4u tn (x,t„)-u xxtn (x,t n ) - H n , x {z,x,t n ) + 2H n (z,x,t n ) 

-2(4u(x,t n ) - u xx (x,t n ))G n (z,x,t n ) = 0, (2.43) 

^n,x (^5 tn) — 2C n (z, t n ) 2_F n (z, X, t 7 i) , (2.44) 

zG niX (z, x, t n ) = (4u(x, t n ) - u xx (x, t n ))F n (z, x, t n ) - H n (z, x, t n ). (2.45) 

Inserting the polynomial expressions for F n , H n , and G n into (2.44) and (2.45), 
respectively, first yields recursion relations (2.3) and (2.7) for ft and gi for t — 
0, . . . ,n. In the case n £ N we obtain from (2.43) the recursion for he for I = 
0, . . . , n — 1 and 

K = (u- u xx )f n . (2.46) 

(When n = one gets directly ho = (u — u xx ).) In addition, one finds 

(4l^ n {X-i ^n) ^xxt n {x-, t n ) h n x (x, t n ) -(- 2h n (x, t n ) 
- 2(4u(x,t n ) - u xx (x,t n ))g n {x,t n ) = 0, n e N . (2.47) 

Using relations (2.28) and (2.46) permits one to write (2.47) as 

CH„(w) = Au tn - u xxtn + (u xxx - 4u x )f n - 2(4u - u xx )f n , x = 0, n £ N . 

(2.48) 
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Varying n £ No in (2.48) then defines the time-dependent CH hierarchy. We record 
the first few equations explicitly, 

CH (w) = 4u to - u xxta + u xxx - 4u x = 0, 

CHi(u) = 4u tl - u xxtl - 2uu xxx - Au x u xx + 2Auu x + ci(u xxx - Au x ) = 0, 
CH 2 (u) = 4u t2 - u xxt2 + 2u 2 u xxx - 8uu x u xx - 40u 2 u x (2.49) 
+ 2(u xxx - Au x )Q(u 2 + 8u 2 ) - 8(4u - u xx )Q(u x u xx + 8uu x ) 
+ a(-2uu xxx - 4:U x u xx + 2Auu x ) + c 2 (u xxx - 4u x ) = 0, etc. 
Similarly, one introduces the corresponding homogeneous CH hierarchy by 

CH n («) = CH ri («)| c<=0i/=li ___ jn = ) neN . (2.50) 

Up to an inessential scaling of the (x,ti) variables, CHi(u) = represents the 
Camassa-Holm equation as discussed in [17], [18]. 

We note that our zero-curvature approach is similar (but not identical) to that 
sketched in [56]. This is in contrast to almost all other treatments of the CH 
equation where a Lax equation approach appears to be preferred. 

Our recursion formalism was introduced under the assumption of a sufficiently 
smooth function u in Hypothesis 2.1. The actual existence of smooth global so- 
lutions of the initial value problem associated with the CH hierarchy (2.49) is a 
nontrivial issue and various aspects of it are discussed, for instance, in [23], [24], 
[25], [26], [30], [51], [52], [57], [58], [60]. 

3. The stationary CH formalism 

This section is devoted to a detailed study of the stationary CH equation and its 
algebro-geometric solutions. Our principal tool will be a combination of the poly- 
nomial recursion formalism introduced in Section 2 and a meromorphic function 4> 
(the solution of a Riccati-type equation associated with the zero-curvature repre- 
sentation of (1.1)) on a hyperelliptic curve K. n defined in terms of the polynomial 

R2n+2- 

For major parts of this section we suppose 

«eC K (M), — GL°°(K), me No, (3.1) 

and assume (2.3), (2.4), (2.7), (2.8), (2.15)-(2.17), (2.23), (2.24), (2.25)-(2.27), 
(2.28)-(2.31), keeping n £ N fixed. 

Returning to (2.24) we infer from (2.26) and (2.9) that i?2n+2( z ) = z Q2n+\{ z ) 
is a monomial of degree 2n + 2 of the form 

2n+l 

R2n+2(Z) = [] ( Z - E m), E = 0, E u . . . , E 2n+1 £ C. (3.2) 

Computing 

det(w/ 2 — iV n ( z , %)) = w 2 — det(V n (z, x)) 

= w 2 + G n (z,xf + -F n {z,x)H n (z,x) (3.3) 

z 

= W 2 + —R 2 n+2(z), 
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that is, 

i?2n+2(» = z 2 G n {z,x) 2 + zF n (z,x)H n {z,x) (3.4) 

(with I 2 the identity matrix in C 2 ), we are led to introduce the (possibly singular) 
hypcrclliptic curve JC n of arithmetic genus n defined by 

K n : T n (z,y) = y 2 - R 2n+2 (z) = 0. (3.5) 

In the following we will occasionally impose further constraints on the zeros E m of 
R 2n + 2 introduced in (3.2) and assume that 

E o = 0, E u ...,E 2n+1 GC\{0}. (3.6) 

We compactify JC n by adding two points at infinity, Poo + , Poo-, with P oa+ ^ 
Poo_ , still denoting its projective closure by K, n . Hence IC n becomes a two-sheeted 
Riemann surface of arithmetic genus n. Points P on K n \ {Poo ± } are denoted 
by P = (z,y), where y( ■ ) denotes the meromorphic function on JC n satisfying 
!Fn(z,y) = 0. For additional facts on K. n and further notation freely employed 
throughout this paper, the reader may want to consult Appendix A. 

For notational simplicity we will usually tacitly assume that n G N. (The case 
n = is explicitly treated in Example 3.10.) 

In the following the roots of the polynomials F n and H n will play a special role 
and hence we introduce onCxM 

n n 

F n {z,x) = Y[{z-n j (x)), H n (z,x) = ho(x)Y[(z-Vj(x)). (3.7) 

Moreover, we introduce 

faj(x) = {fj,j{x), -/j,j(x)G n (iJ,j(x),x)) G JC n , j = 1, . . . ,n, x G M, (3.8) 

Vj(x) = (vj(x),Vj(x)G n (vj(x),x)) G JC n , j = 1, . . . ,n, x G R, (3.9) 

and 

Po = (0,0). (3.10) 
The branch of y( ■ ) near Poo ± is fixed according to 

lim - - V<yP ] - — - = Tl- (3.11) 

\z(p)\- too z{P)G n (z(P),x) ^ V ; 

Due to assumption (3.1), u is smooth and bounded, and hence F n (z, ■ ) and H n (z, ■ ) 
share the same property. Thus, one also concludes 

\i h v k G C°°(R) n J L oc (R), j,k = l,...,n, (3.12) 

by (3.7). 

Next, define the fundamental meromorphic function <f>( ■ , x) on tC n by 

- zHn ^ P=(z,y)G)C n ,xGM. (3.14) 



y + zG n (z,x 

Assuming (3.6), the divisor (<p( ■ , x)) of (j>{ ■ , x) is given by 

(4>(-,x)) = V PakLx) - V Pao+ ^ x)l (3.15) 
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taking into account (3.11). Here we abbreviated 

p, = {/ti, . . . , fi n }, v = {i>i, . . . , ;>„} e (T n K n . (3.16) 
Given ,x), one defines the associated vector *!>(•, x, x ) 011 ^„\{Poo + , -Poo_ , f*o} 

by 

.1p2{P,X, X ) 



9(P,x,x )= (SSp'!'! ?'). ^G^\{^oo + ,Poc_,Po}, eR 2 , (3.17) 



where 

il> 1 {P>x,x )=exp(-(l/z) J dx'<f>{P,x')-{x-x )^ , (3.18) 

xl> 2 (P,x,x ) - -^i(P,.T,a; o )0(P,a;)/z. (3.19) 

Although 5' is formally the analog of the stationary Baker- Akhiezer vector of the 
stationary CH hierarchy when compared to analogous definitions in the context of 
the KdV or AKNS hierarchies, its actual properties in a neighborhood of its essential 
singularity will feature characteristic differences to standard Baker- Akhiezer vectors 
(cf. Remark 3.5). We summarize the fundamental properties of <j> and ^ in the 
following result. 

Lemma 3.1. Suppose (3.1), assume the nth stationary CH equation (2.31) holds, 
and let P = (z,y) G K, n \ {Poo + , Poo- , Po}> {x,Xo) G 1R 2 . Then <f> satisfies the 
Riccati-type equation 

(j) x {P,x) - z-^i^xf - 2<P(P,x)+Au(x) - u xx {x) = 0, (3.20) 

as well as 

zH n (z,x) 



<t>{P,x)<t>{P* ,x) 
cj>(P,x)+<j>(P*,x) = -2 
<t>(P,x)-(l>(P*,x) = 



F n (z,x) 
zG n (z, x) 

F n (z,x) ' 

2y 



3.21) 
3.22) 
3.23) 

3.24) 
3.25) 

3.26) 
3.27) 
3.28) 
3.29) 
,3.30) 

zb n (z,xo) 

In addition, as long as the zeros of F n ( ■ , x) are all simple for x G fl, fl C K. an 
open interval, <!'(• , x,xq), x,x n G ft, is meromorphic on fC n \ {Pq}- 



F n {z,xY 
while ^ fulfills 

* x {P,x,x ) = U(z,x)*(P,x,x ), 
- yV(P, x, x ) = zV n (z, x)V(P, x, x ), 

4 1 (P,x,x )=(J^^j 1 exp^-iy/z) j* dx' F n {z,x')-^ . 

F n (z,x) 



tp 1 (P,x,xo)ipi{P*,x,x ) = 

1p 2 {P,X,X )lp2(P*,X,X ) = 



F n (z,x ) ' 
H n (z,x) 
zF n (z, xo) ' 

G n (z, x) 



ipi{P,x,x )ip 2 {P*,x,x Q ) + ip 1 (P*,x,x )ip 2 {P,x,Xo) = 2 

tp 1 (P,X,X )lp 2 (P*,X,X ) - Ip^P* , X, X )lp 2 (P, X, X ) 



F n (z,x )' 

2y 
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Proof. Equation (3.20) follows using the definition (3.13) of <j> as well as relations 
(2.18)-(2.20). The other relations, (3.21)-(3.23), are easy consequences of y(P*) = 
-y{P) in addition to (2.18)-(2.20). By (3.17)-(3.19), * is meromorphic on K n \ 
{Poo ± } away from the poles fj,j(x') oitj>{-,x'). By (2.18), (3.8), and (3.13), 

--<j>(P,x') = ^ 7 ln(F„(z,a:')) + 0(l) asz^^(x'), (3.31) 

Z P—yp,j(x'j OX 

and hence ipi is meromorphic on JC n \ {Poo ± } by (3.18) as long as the zeros of 
F n ( ■ ,x) are all simple. This follows from (3.18) by restricting P to a sufficiently 
small neighborhood Uj of {fij(x') G JC n \ x' G ft, x' G [x , x]} such that jlk(x') £ Mj 
for all x' G [xo, x] and all k £ {1, . . . , n} \ {j}. Since <j> is meromorphic on K n by 
(3.13), ip2 is meromorphic on IC n \ {Pqo ± } by (3.19). The remaining properties of 
W can be verified by using the definition (3.17)-(3.19) as well as relations (3.20)- 
(3.23). In particular, equation (3.26) follows by inserting the definition of 0, (3.13), 
into (3.18), using (2.18). □ 

Next, we derive Dubrovin-type equations for fij and fj. Since in the remainder of 
this section we will frequently assume K, n to be nonsingular, we list all restrictions 
on /C„ in this case, 

E Q = 0, E m e C \ {0}, E m ^ E m > for m ^ m', to, to' = 1, . . . , In. (3.32) 

Lemma 3.2. Suppose (3.1) and the nth stationary CH equation (2.31) holds subject 
to the constraint (3.32) on an open interval 0^ C R. Moreover, suppose that 
the zeros Uj , j = l,...,n, of F n (-) remain distinct and nonzero on Q^. Then 
{Aj}j=i,...,n; defined by (3.8), satisfies the following first-order system of differential 
equations 

H jtX {x) = 2 y(jij ^ f[(nj{x) - M(x))-\ j = l,...,n,xe%. (3.33) 

Next, assume K n to be nonsingular and introduce the initial condition 

{fij(x )}j=i,..., n C K n (3.34) 

for some x n G R, where l-ij(xo) ^ 0, j = 1, . . . , n, are assumed to be distinct. Then 
there exists an open interval fi M C R, with x n G 0^, such that the initial value 
problem (3.33), (3.34) has a unique solution {Aj}j=i,—,n C K n satisfying 

fij e C°°(%,K. n ), j = l,...,n, (3.35) 

and fij, j — 1, . . . , n, remain distinct and nonzero on f2^. 

For the zeros {vj}j=i t ..., n of H n ( ■ ) similar statements hold with fij and fi^ replaced 
by Vj and Q„, etc. In particular, {pj}j=i,...,n> defined by (3.9), satisfies the system 

^ (X) = 2 (4 U (x) + 2 U ,(x))^(x) llM*) "«*(*)) ' ^ 

j = 1, . . . ,n, x e 



12 



F. GESZTESY AND H. HOLDEN 



Proof. We only prove equation (3.33) since the proof of (3.36) follows in an identical 
manner. Inserting z = uj into equation (2.18), one concludes from (3.8), 

n 

FnAVj) = -f*j,x JJ(A«j - W) = 2G„(/ij) = -2y(p,j)/fj,j, (3.37) 

proving (3.33). The smoothness assertion (3.35) is clear as long as fij stays away 
from the branch points (E m , 0). In case fij hits such a branch point, one can use the 
local chart around (E m ,0) (with local coordinate C = <?{z — Em) 1 / 2 , a e {1, — 1}) 
to verify (3.35). □ 

Combining the polynomial approach in Section 2 with (3.7) readily yields trace 
formulas for the CH invariants. For simplicity we just record the simplest case. 

Lemma 3.3. Suppose (3.1), assume the nth stationary CH equation (2.31) holds, 
and let Then 

^ n 2n+l 
j — 1 m— 1 

Proof. Equation (3.38) follows by considering the coefficient of z™ -1 in F n in (2.25) 
which yields 



Jl> + y- (3-39) 



U 2 

i=i 

The constant c\ can be determined by considering the coefficient of the term z 2n+1 
in (2.24), which results in 

2n+l 

ci = -^J2 E ^- ( 3 - 4 °) 

m=0 

□ 

Next we turn to asymptotic properties of <f> and ipj, j — 1, 2. 

Lemma 3.4. Suppose (3.1), assume the nth stationary CH equation (2.31) holds, 
and let P = (z,y) G K n \ {Poc+ , Poo_ , P)}, i£l TAen 

= |-2C--2^) + M,) + 0( C) , P^ + , _ 
VV ; C-o \2u(x) + u x (x)+0((), P^P X _, V ; 

( I\n^=^ Em) 

4>{P,x) = ± , ./ C + Q(C 2 ), P^Po, C = z U \ (3.42) 

and 

MP^,x ) = o exp(±(x-x Q ))(l + 0(C)), P^Pco ± , C=l/z, (3.43) 



-2 + 0(0, P^Poo + , 
C-o^ v " v * ^^1(21/(2;) + U;c (x))C + 0(C 2 ), P^P« 



V> 2 (P, x, x ) = n exp(±(x-x )) {, n __ A.,,'..' , ^ /A2 , „ + ' (3.44) 
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/ i r (lC=i E m) 1/2 \ 

MP^,x ) = exp --/ dx'± — — 1 + 0(1) , P^P , (3.45) 

'>^° V S Jx Jn\ X ) I 



1/2 



MP,x,*o) = 0(C ^cxpf -- f dx' ± m / ,/ +0(1)), P^P>, 

\ S> Jx a Jn\X ) J 

( = z 1/2 . (3.46) 

Proof. The existence of the asymptotic expansions of <j> in terms of the appropriate 
local coordinates £ = 1/z near Poo ± and £ = z 1 / 2 near P is clear from the explicit 
form of 4> in (3.13). Insertion of the polynomials F n , G ni and H n into (3.13) then, in 
principle, yields the explicit expansion coefficients in (3.41) and (3.42). However, a 
more efficient way to compute these coefficients consists in utilizing the Riccati-type 
equation (3.20). Indeed, inserting the ansatz 

= faz + ^ + Oiz- 1 ) (3.47) 

2— »00 

into (3.20) and comparing the leading powers of 1/z immediately yields the first 
line in (3.41). Similarly, the ansatz 

<t> = 4> + faz- 1 + 0(z- 2 ) (3.48) 

z — >oo 

inserted into (3.20) then yields the second line in (3.41). Finally, the ansatz 

<p = 0iz 1/2 + 2 z + O(z 3 / 2 ) (3.49) 

z— >0 

inserted into (3.20) yields (3.42). (3.43)-(3.46) then follow from (3.18), (3.19), 
(3.41), and (3.42). □ 

Remark 3.5. We note the unusual fact that Po, as opposed to Poo± , is the essential 
singularity of ipj, j = 1, 2. What makes matters worse is the intricate x-dependencc 
of the leading-order exponential term in ipj, j = 1, 2, near Po, as displayed in (3.45), 
(3.46). This is in sharp contrast to standard Baker- Akhiezer functions that feature 
a linear behavior with respect to x in connection with their essential singularities 
of the type exp [c{x — x^jQ" 1 ) near £ = 0. 

Introducing 

B Qo - £n\{Poc + ,Poo_}^C", (3.50) 

P~R Qo (P) = {B QoA ,...,B Qo , n ) = ( [ V 2,...,[ Vn, [ 2g> ) 

\JQo JQa JQa + / 

and 

| go :a n (&\{Poo + ,i > oo_})->C n ) (3.51) 

n 

choosing identical paths of integration from Q to P in all integrals in (3.50) and 
(3.51), one obtains the following result, which indicates a characteristic difference 
between the CH hierarchy and other completely integrable systems such as the KdV 
and AKNS hierarchies. 
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Lemma 3.6. Assume (3.32) and suppose that {Aj}j=i,...,n satisfies the stationary 
Dubrovin equations (3.33) on an open interval fi^CI such that fj,j, j = 1, . . . ,n, 
remain distinct and nonzero on Cl^. Introducing the associated divisor £ a n K. n , 
fi = {/ti, . . . , fi n } £ a n IC n , one computes 

i^m) = -^^f^ *en„. (3.52) 

In particular, the Abel map does not linearize the divisor V^i \ onQ^. In addition, 

r p,j(x) 

= - , T , r773T ' x e ( 3 - 53 ) 

^-I(%x)) = 2(0,...,0,l), xeQ,. (3.54) 



dx 

Proof. Let le!),,. Then, using 



nn 



n (m) 

(cf. (C.3), (C.4)) one obtains 



l,...,n, (3.55) 



j / tt pii ■ \ '"■ 11 . A;— 1 n n & — 2 



— i^Qc / — — — !~ ! Ilf=i(^-W) 



n n 



2 " > 

= -55rtg^M = -^W. <"«> 

using (C.14) and (C.15). (3.53) is just a special case of (3.52) and (3.54) follows as 
in (3.56) using (CIO). □ 

The analogous results hold for the corresponding divisor T> ^ x y associated with 

4>{- ,x). 

The fact that the Abel map does not provide the proper change of variables 
to linearize the divisor T^jx( x ) m the CH context is in sharp contrast to standard 
integrable soliton equations such as the KdV and AKNS hierarchies (cf. also Remark 
3.5). The change of variables 

x^x = ( dx'^ninix'))- 1 (3.57) 



linearizes the Abel map Aq o (T>~ fij{x) — (J-j(x), j = 1, . . . ,n. These facts are 

well-known and discussed (by different methods) by Constantin and McKean [29], 
Alber [1], Alber, Camassa, Fedorov, Holm, and Marsden [3], and Alber and Fedorov 
[7], [8]. The intricate relation between the variables x and x is detailed in (3.70). 
Our approach follows a route similar to Novikov's treatment of the Dym equation 
[55]. 
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Next we turn to representations of <j> and u in terms of the Riemann theta 
function associated with /C„, assuming JC n to be nonsingular. In the following, the 
notation established in Appendices A-C will be freely employed. In fact, given the 
preparatory work collected in Appendices A-C, the proof of Theorem 3.7 below 
will be reduced to a few lines. 

We choose a fixed base point Qq on K, n \ {Poo Pol- Let wL 3 ' „ be a normal 

i J oo _|_ j 

differential of the third kind holomorphic on /C„ \ {Poo + ,Pi} with simple poles at 
Poo and P and residues 1 and —1, respectively (cf. (A.22)-(A.27)), 

,0) _ n"=i(*- x i) dz 

y 

w£ + ,p C = Q (C 1 + 0(l))dC as P - P x+ , (3.59) 
u$l +tPb (-C- 1 + 0(l))d( as P -+ P , (3.60) 

where 

C = l/z for P near P oa+ , ( = <rz 1/2 for P near P , a G {1, -1}. (3.61) 
Moreover, 



p 



(3) P =0, j = l,...,n, (3.62) 



(3) 



Qo 
P 



^ + , Po ln(C) + eo + 0(C) as P - P oc+ , (3.63) 



(3) 

Poo , ,Pn 



ln(C) + d + O(C) as P P (3.64) 



for some constants eo, do £ C. We also record 

A Qo (P) - A Qo (P^J ^ ±£C + 0(C 2 ) as P^P^, £ = c(n). (3.65) 

In the following it will be convenient to introduce the abbreviations 

z(P,Q) = S Qo - A Qo (P) + a Qo (Vq), P G Kn, Q = {Q U ■ ■ ■ , Qn} G <r n /C n , 

(3.66) 

and analogously, 

z(P, Q) = E Qo - A Qo (P) + a Qo (Vg), P g lC n , Q = {Q u . . . , Q n } G <7™£ n . 

(3.67) 

Theorem 3.7. Suppose u G C°°(f7) ; u< m ) G L°°(f2), m G N , and assume the 
nth stationary CH equation (2.31) holds on subject to the constraint (3.32). 
Moreover, let P G K, n \ {Poo + , Po} and x G where fl CM. is an open interval. In 
addition, suppose that T>^ x ), or equivalently, T>„( x ), is nonspecial for x G il. Then 
(j> and u admit the representations 

0(z(Poo + ,fl(x)))e(z(P,P(x))) ( f P (3) \ 

m x) = - 2 iMiw exp I " L Wp ~+ + 60 1 ' (3 ' 68) 

2 h 4 ^i 2 h dw * \8{z{Poo-,ii(x))+w) 



w=0 

(3.69) 
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Moreover, let f2 C f2 be such that j = 1, . . . ,n, are nonvanishing on Q, Then, 
the constraint 

2(x - w) = - 2 £lE^g(/ ( <->' (1) 

+ln ^(y^,Awy(^-,AW))Y „ oeS (3 . 70) 

holds, with 

z(Poc±,fi(x))) = S Qo - Aq (Poo ± ) + a Qo (Vf L(x) ) 

r x dx' 

= Z Qo -A Qo (P 00± )+a Qo (V l > {xo) )-2 £ ^ {x>) c(l), (3.71) 

a; G O. 

Proof. First we temporarily assume that 

/^■(a;) ^ Mj'( x )' ^fe( x ) 7^ v k'{x) for j ^ j', k ^ k' and a; € C fi, (3.72) 

where f2 is open. Since by (3.15), £>p &(x) ~ T> Px+ ^ x} , and = (Poo + )* ^ 

{/ii(a;), . . . ,/t n (a;)} by hypothesis, one can apply Theorem A. 6 to conclude that 
T^v(x) € cr n JC n is nonspccial. This argument is of course symmetric with respect to 
jj,(x) and £(x). Thus, f is nonspecial if and only if 2?£(x) is. The representation 
(3.68) for 0, subject to (3.72), then follows by combining (3.15), (3.41), (3.42), and 
Theorem A. 5 since 2?^ and T>& are nonspecial. The representation (3.69) for u on 

51 follows from the trace formula (3.38) and (C.46) (taking k — 1). By continuity, 
(3.68) and (3.69) extend from Q to 0. Assuming /Ltj ^ 0, j = 1, . . . , n, in addition 
to (3.72), the constraint (3.70) follows by combining (3.53), (3.54), and (C.45). 
Equation (3.71) is clear from (3.52). Again the extra assumption (3.72) can be 
removed by continuity and hence (3.70) and (3.71) extend to Q. □ 

Remark 3.8. While the stationary CH solution u in (3.69) is of course a meromor- 
phic quasi-periodic function with respect to the new variable x in (3.57), u may 
exhibit a rather intricate behavior with respect to the original variable x. Generi- 
cally, u has an infinite number of branchpoints of the type 

u{x) = O((x-x ) 2/3 ) (3.73) 

and 

x -x = 0((x -x a ) 1/3 ). (3.74) 

x^xo 

Moreover, real- valued bounded stationary CH solutions fall into two categories and 
are either smooth quasi-periodic functions in x, or else (3.73) and (3.74) hold at 
infinitely many points (depending on whether or not ^(aO is zero-free, cf. (3.57)), 
as discussed in [3], [7], [8]). We note that (3.70) relates the variables x and x. 

Remark 3.9. We emphasized in Remark 3.5 that *S? in (3.17)-(3.19) markedly differs 
from standard Baker-Akhiezer vectors. Hence one cannot expect the usual theta 
function representation of ipj, j = 1,2, in terms of ratios of theta functions times an 
exponential term containing a mcromorphic differential with a pole at the essential 
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singularity of tpj multiplied by (x — xo)- However, combining (C.7) and (C.46), one 
computes 



n , 



fe=l x 

v fc-l 



A (V . d (0(z{P x+ ,±{x)) + w) 



:_i dwj \6(z(P 00 _,fi(x)) +w) 



z 

w=0 



n n 



, J Z " J) " S S ^ ^ UU(POO_J(X)) +!! 



uj=0 

(3.75) 

and hence obtains a theta function representation of ipi upon inserting (3.75) into 
(3.26). The corresponding theta function representation of ip 2 is then clear from 
(3.19) and (3.68). 

Next we briefly consider the trivial case n = excluded in Theorem 3.7. 

Example 3.10. Assume n — 0, P = (z,y) G /Co \ {foo +) -Poo_j-Po}i and let 
{x,x ) G M 2 . Then 

/c : ^ («, y) = y 2 - M*) = v 2 - - ^1) = o, s = o, ^ g c, 

u(z) = -Ei/1, (3.76) 

0(P, x) = y — z = , 

y + z 

ipi(P,x,x ) = exp(-(y/z)(x - x )), 
ip 2 {P,x,x Q ) = (1 - {y/z))exp(-(y/z)(x - x Q )). 

Actually, the general solution of s-CHo(u) = u xxx — Au x = is given by 

u(x) = a ie 2x + a 2 e- 2x - {E 1 /4), aj G C, j = 1, 2. (3.77) 

However, the requirement u 1 -" 1 ) G L°°(M), m G N , according to (3.1), necessitates 
the choice a\ = a 2 = and hence leads to (3.76). The latter corresponds to the 
trace formula (3.38) in the special case n = 0. 

Finally, we will show that solvability of the Dubrovin equations (3.33) on C R 
in fact implies equation (2.31) on £1^. 

Theorem 3.11. Fix neN, assume (3.32), and suppose that {(ij}j=i,...,n satisfies 
the stationary Dubrovin equations (3.33) on an open interval fi M C R such that [ij, 
j = 1, . . . , n, remain distinct and nonzero on Cl^. Then u G C°°(fl ll ) defined by 

j — 1 m— 1 

satisfies the nth stationary CH equation (2.31), that is, 

s-CH„(w) = on n M . (3.79) 



18 F. GESZTESY AND H. HOLDEN 

Proof. Given the solutions fij — (fij,y(fij)) £ C°°(Qp, IC n ), j = 1, ... ,n of (3.33) 
we introduce 

n 

F n (z) = H(z-n j ), (3.80) 

G n (z) =F„(z) + ^) (3.81) 

on C x O m . The Dubrovin equations imply 

1 ™ 1 

y(Aj) = tjAW,* 11^' ~ = -nVjFnAVj) = -VjGn(Vj)- (3.82) 

Thus 

R2n+2(Hj) - fi*G n (Vj) 2 = 0, j = l,...,n. (3.83) 

Furthermore i?2n+2(0) = 0, and hence there exists a polynomial H n such that 

i?2«+ 2 (z) - z 2 G n (zf = zF n (z)H n (z). (3.84) 

Computing the coefficient of the term z 2n+1 in (3.84) one finds 

H n (z) = (4m + 2u x )z n + 0(z™- 1 ) as \z\ -> oo. (3.85) 

Next, one defines a polynomial P n _i by 

P n -i{z) = (4u - w xx )F„(z) - #„(z) - «G„, x (z). (3.86) 

Using (3.78), (3.80), (3.81), and (3.85) one infers that indeed P n -i has degree at 
most n — 1. Multiplying (3.86) by G n , and replacing the term G n G n ^ x with the 
result obtained upon differentiating (3.84) with respect to x, yields 

G n (z)P n - 1 (z) = F n (z)((4u - u xx )G n (z) + ^H n>x {z)) 

+ (^F n , x (z)-G n (z))H n (z), (3.87) 

and hence 

G n (n j )P n -i(fi j )=0, j = l,...,n (3.88) 
on fi^. Restricting x £ 0^ temporarily to x £ f2 M , where 

Qp = {a; £ fip | F ntX (fij(x),x) = 2iy(p, j (x))/fi j (x) ^ 0, j = 1, . . . , n} 

= {.x £ ftp I W (z) g {So, . . .,E 2n }, j = 1, . . . ,n} (3.89) 
one infers that 

P n _i(^)=0, j = l,...,n (3.90) 
on C x fip. Since P n _i(z) has degree at most n — 1, one concludes 

P„_i = on C x f2 M , (3.91) 

and hence (2.19), that is, 

zG n>x {z) = (Au - u xx )F n {z) - H n (z) (3.92) 
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on C x f2 M . Differentiating (3.84) with respect to x and using equations (3.92) and 
(3.81) one finds 

H n<x {z) = 2F n (z) - 2(4u - u xx )G n {z) (3.93) 

on C x In order to extend these results to Cl^ one must prove that jlj does not 
pause once it hits (E m ,0). Hence we suppose 

Vj ( x ) E m as x -»• x o e (3.94) 

for some jo £ {1, . . . , n}, mo € {0, ... , 2n}. Introducing 

Go 0*0 = ^O^ofc) - £ m„) 1/2 , cr e {1, -1}, Mj0 (x) = £ mo + Q (x) 2 , (3.95) 

for some x in an open interval centered around x 0} the Dubrovin equation (3.33) 
for fij becomes 

/ In \ V 2 n 

Q , x ( x ) = -2io[ l\(E mo -E m )} H(E mo -^ k (x))(l + 0(Q (x) 2 )). 

X *Xq \ f 

\ m=0 / k=l 

(3.96) 

Thus, fij a (x) does not pause at (E mo , 0) for x in a small interval centered around xo, 
and hence relations (3.91)-(3.93) extend to f2 M . We have now established relations 
(2.18)-(2.20) on C x f2 M , and one can now proceed as in Section 2 to obtain (3.79). 

□ 

4. The time-dependent CH formalism 

In this section we extend the algebro-geometric formalism of Section 3 to the 
time-dependent CH hierarchy. For most of this section we will assume the following 
hypothesis. 

Hypothesis 4.1. Suppose that u: M 2 — > C satisfies 

d m u 

u(x, ■ ),u xx (x, ■ ) e C^R), iel (4.1) 

The basic problem in the analysis of algebro-geometric solutions of the CH hierar- 
chy consists in solving the time-dependent rth CH flow with initial data a stationary 
solution of the nth equation in the hierarchy More precisely, given n £ No, consider 
a solution of the nth stationary CH equation s-CH„(m' ') = associated with 
tC n and a given set of integration constants {ct}e=i,...,n C C. Next, let r e No; we 
intend to construct a solution u of the rth CH flow CH r (u) = with u(to, r ) = 
for some to, r S R. To emphasize that the integration constants in the definitions of 
the stationary and the time-dependent CH equations are independent of each other, 
we indicate this by adding a tilde on all the time-dependent quantities. Hence we 
shall employ the notation V r , F r , G r , H r , f s , g s , h s , c s , etc., in order to distin- 
guish it from V ni F n , G n , H ni ft, ge, hi, q, etc., in the following. In addition, we 
will follow a more elaborate notation inspired by Hirota's r-function approach and 
indicate the individual rth CH flow by a separate time variable t r e R. 

Summing up, we are seeking a solution u of 

CH r (w) = Aut T - u xxtr + (u xxx - Au x )f r - 2(4u - u xx )f r , x = 0, (4.2) 
u(x,t , r ) = m (0) (x), X e R, 
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s-CH„(u (0) ) = (u xxx - Au x )f n - 2{Au - u xx )f UiX = 0, (4.3) 

for some i ,r € M, n,r G No, where u satisfies (4.1). Actually, relying on the 
isospectral property of the CH flows, we will go a step further and assume (4.3) not 
only at t r = to,r but for all t r G M. Hence, we start with 



»2 



U tr {z,x,t r ) - V r ,x{z,x,t r ) + [U(z, x, t r ), V r (z, x, t r )] = 0, {z,x,t r ) G C x 

(4.4) 

-V ntX (z,x,t r ) + [U(z,x,t r ),V n (z,x,t r )] = 0, (z,x,t r ) 6 C x I 2 , 

(4.5) 

where (cf. (2.25)-(2.27)) 



U ^ x ^)- ( z -i(4u(x,t r )-u xx (x,t r )) 1 

V (? n- t \ — I — G r (z, x, t r ) F r (z, X, t r ) \ , , 
r{ ' ' rJ " ^-^(z, or, t r ) G r (z, x, tr) J ' ( ' 

V ( z x t ) [ ~~^ n ( z,x, ^ r ^ F n (z, x,t r ) 

\z ^/ n (z,x,£ r ) G n (z,x,t r ) 



and 



F n (z,x,t r ) = y^J n -e{x,t r )z l = Y[{z - Hj(x,t r )), (4.7) 



G„(z, x, t r ) = ^2 9n-e(x, t T )z l , (4.8) 



1=0 



H n (z,x,t r ) =^2h n -t(x,t r )z e = h (x,t r ) Y[(z - Vj(x,t r )), (4.9) 

1=0 3=1 

ho(x, t r ) = 4u(x, t r ) + 2u x (x, t r ), (4-10) 



F r (z,x,t r ) =^2.f r - s (x,t r )z s , (4.11) 

s=0 
r 

G r (z,x,t r ) = ^2g r - s (x,t r )z s , (4.12) 



s=0 



H r (z, x, t r ) = h r - s (x, t r )z s , (4-13) 

s=0 

h (x, t r ) — 4u(x, t r ) + 2u x (x, t r ), (4-14) 

for fixed n, r G N . Here fe(x,t r ), f a (x,t r ), ge(x,t r ), g s (x,t r ), he(x,t r ), and 
h s (x,t r ) tor £ — 0, ...,n, s = 0,...,r, are defined as in (2.3), (2.7), and (2.8) 
with u(x) replaced by u(x,t r ), etc., and with appropriate integration constants. 
Explicitly, (4.4), (4.5) are equivalent to 

Aut r (x, t r ) v> xx t r (x, t r ) H r x (z, x, £ r ) -t- 2H r (z, x, t r ) 

— 2(4u(x, i r ) — u xx (x, t r ))G r (z, x, i r ) = 0, (4-15) 
F riX (z, x, i r ) = 2G r (z, x, i r ) — 2F r (z, x, i r ), (4.16) 
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z (j <p gj (^z . x . tf ^ — i^x . ^ ^-^xx ? ) ) F^y z . x j tf ) a iy* (^z . x > 1 7> ^ ^4.17^ 

and 

F n ^ x ( Zl x,t r ) = 2G n (z,x,t r ) - 2F n (z,x,t r ), (4.18) 

H n , x (z,x,t r ) = 2H n (z,x,t r ) - 2(4u(x,t r ) - u xx (x,t r ))G n (z,x,t r ), (4.19) 

zG^x^,!,^) = (4u(a;,t r ) - it^rr, i,.))F„(z, re, i r ) - H n (z,x,t r ), (4.20) 

First we will assume the existence of a solution of equations (4.15)-(4.20) and 
derive an explicit formula for u in terms of Ricmann theta functions. In addition, 
we will show in Theorem 4.10 that (4.15)-(4.20) and hence the algebro-geometric 
initial value problem (4.2), (4.3) has a solution at least locally, that is, for (x, t r ) £ ft 
for some open and connected set C R 2 . 

One observes that equations (2.17)-(2.40) apply to F n , G n , H ni fi, gi, and hi 
and (2.3)-(2.10), (2.25)-(2.27), with n replaced by r and ci replaced by ci, apply 
to F ri G r , H r , fi, gi, and hi. In particular, the fundamental identity (2.24) holds, 

z 2 G n (z,x 1 t r ) 2 + zF n (z,x,t r )H n (z,x,t r ) = R2 n+ 2{z), (4-21) 

and the hyperelliptic curve JC n is still given by 

2n+l 

lC n : F n (z,y) = y 2 -R 2n+ 2(z) = 0, i? 2 „+ 2 (z) = jj (z - E m ), (4.22) 

m=0 

assuming (3.6) for the remainder of this section, that is, 

E = 0, E 1 ,...,E 2n +i eC\{0}. (4.23) 
In analogy to equations (3.8), (3.9) we define 

fij{x,t r ) = (^-(a;,t r ),-^(x,t r )G„(^(x,t r ),a;,t r )) G K n , (4.24) 

j = l,...,n, (i,i r )£l 2 , 

Oj(x,t r ) = {Vj{x,tr),Vj(x,tr)G n (Vj{x,t r ),X,tr)) £ lC n , (4-25) 

j = l,...,n, (x,t r ) £ M 2 . 

As in Section 3, the regularity assumptions (4.1) on u imply analogous regularity 
properties of F n , H n , fij, and fk- 

Next, one defines the meromorphic function <p( ■ , x, t r ) on JC n by 

- // < i: - P=(z,y)elC n \{P 00± },(x,t r )£R 2 . (4.27) 



y + zG n (z,x,t r ) 
Assuming (4.23), the divisor (</>( ■ , x, t r )) of (f>( ■ , x, t r ) reads 

(0( • , x, t r )) = V PQk _ {x , tr) - V Poo+k{x<tr) , (4.28) 

with 

/£ = {/ti, . . . , fl n }, V_ = {01, ...,!>„} e cr"/C„. (4.29) 

The corresponding time-dependent vector ty, 

P £ K n \ {Pooi}, {x, X ,t r ,t 0tr ) £ M 4 
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is defined by 

ipi(P,x,xo,t r ,to, r ) = exp I - / ds ((l/z)F r (z,x ,s)(f>(P, x ,s) + G r (z,x ,s)) 

-(1/z) [ dx'<f>(P,x',t r )-{x-x )\ (4.31) 

ip2(P,x,xo,t r ,to, r ) = -ipi(P,x,xo,t r ,to, r )<i>(P,x,tr)/z. (4.32) 
The properties of <p can now be summarized as follows. 

Lemma 4.2. Assume Hypothesis 4-1 and (4.4), (4.5). Moreover, let P = (z,y) G 
^Wi \ {Poo + , -Poo_ , Po} and (x, t r ) G M 2 . Then <f) satisfies 

4> x {P,x,t r ) - z _1 <l>(P, x,t r ) 2 - 2<f>(P,x,t r ) + 4u(x,t r ) - u xx (x, t r ) = 0, (4.33) 

4>u(P,x,t r ) = (4u(x,t r ) - u xx (x,t r ))F r (z,x,t r ) 

- H r (z, x, t r ) + 2(F r (z, x, t r )cf)(P, x, t r )) x (4.34) 

= (l/z)F r (z,x,t r )<j)(P,x,t r ) 2 + 2G r {z,x,t r )(p(P,x,t r ) 

-H r (z,x,t r ), (4.35) 

0(P, x, t r )<j>{P* , x, U) = - Z ^ Z,X \ tr \ (4-36) 

^(P, X,t r ) + <j>(P*,X, t r ) = _ 2 Z ^,X t r ) (4 3?) 

r n \Z^ X 7 t r ) 

<j>(P,x,t r )-<j>(P*,x,t r )= 2y (4.38) 

r n yz , X , t r J 

Proof. Equations (4.33) and (4.36)-(4.38) are proved as in Lemma 3.1. To prove 
(4.35) one first observes that 

(0 X - ((l/z)<f> + 1)) (<f> tr - {l/z)F r 4> 2 - 2G r <j> + H r )=Q (4.39) 

using (4.33) and relations (4.15)-(4.17) repeatedly. Thus, 

4> tr - \f t 4> 2 - 2G r <j) + H r = Ccxp (^J dx' {{l/z)4>+ 1)^, (4.40) 

where the left-hand side is meromorphic in a neighborhood of Poo_ , while the right- 
hand side is meromorphic near P OD _ only if C = 0. This proves (4.35). 
Using (4.16) and (4.33) one obtains 

(4u - u xx )F r + 2{F,4) X = 2G r <p + {l/z)4> 2 F r . (4.41) 

Combining this result with (4.35) one concludes that (4.34) holds. □ 

Using relations (4.18)-(4.20) and (4.15)-(4.17), we next determine the time evolu- 
tion of F n , G n , and H n . 

Lemma 4.3. Assume Hypothesis 4-1 and (4.4), (4.5). In addition, let (z,x,t r ) G 
Cxi 2 . Then 

F nttr (z,x,t r ) = 2(G n (z,x,tr)F r (z,x,t r ) - F n {z,x,t r )G r {z,x,t r )), (4.42) 
zG n ^t r (z j x , — F n (z, x ^ t r ^)H r (z, x, t r ) H n (z, t r ^F r (z, x, t r ) , (4.43) 
H nitr (z,x,t r ) = 2(H n (z,x,t r )G r (z,x,tr) - G n (z,x,t r )H r (z,x,t r )). (4.44) 
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Equations (4.42) -(4.44) are equivalent to 

V nt t r (z,x,t r ) = [V r (z,x,t r ),V n (z,x,t r )]. (4.45) 
Proof. We prove (4.42) by using (4.38) which shows that 

(0(P) - 0(P*)) tp = -2*^. (4.46) 

However, the left-hand side of (4.46) also equals 

4>(P) tr - cj>{P*) tr = ^(G r F n - F r G n ), (4.47) 

using (4.35), (4.37), and (4.38). Combining (4.46) and (4.47) proves (4.42). Simi- 
larly, to prove (4.43), we use (4.37) to write 

(4>{P) + <f>(P*))t r = -%(G n , tr F n - G n F n , tr ). (4.48) 

Here the left-hand side can be expressed as 

4>{P) tr + <j>{P*) tr = 2^F n , tr + ^r(F r H n - H r F n ), (4.49) 

using (4.35), (4.36), and (4.37). Combining (4.48) and (4.49), using (4.42), proves 
(4.43). Finally, (4.44) follows by differentiating (2.24), that is, (zG„) 2 + zF n H n = 
R-2n+2, with respect to t r , and using (4.42) and (4.43). □ 

Lemmas 4.2 and 4.3 permit one to characterize ty. 

Lemma 4.4. Assume Hypothesis 4-1 and (4.4), (4.5). Moreover, let P = (z,y) <E 
fc n \ {Poo + , Poo- , Po} and {x, x ,t r , t , r ) G K 4 - Then the Baker- Akhiezer vector ^ 
satisfies 

■^ x (P,x,x ,t r ,t . r ) = U(z,x,t r )^(P,x,x ,t r ,t ,r), (4.50) 
- y^(P, x, x ,t r ,t ,r) = zV n (z, X, t r )^{P, X, X ,t r ,t ,r), (4-51) 
$f tr {P,X,Xo,t r ,t ,r) = V r (z,x,t r )^f(P,x,x ,t r ,to, r ), (4.52) 

M P, x , Xo ,t r ,to, r )=( ^^^ ) 1/2 x (4.53) 

\f n (Z, Xo, t .r) / 

x exp I -(y/z) / dsF r (z, x , s)F n (z, x , s^ 1 - (y/z) / dx'F n (z, x' , Uy 1 

\ Jt() r J Xq 

F n (z x t r ) 

ip 1 (P,x,xo,t r ,to. r )ip 1 (P*,x,x ,t r ,to,r) = = 7 ' ' r - , (4.54) 

H n (z X t r ) 

1p 2 (P, X, X ,t r , t . r )lp 2 (P*,X, X , t r , t ,r) = „ " ' '~f 7 , (4-55) 

zF n (z,x ,t . r ) 

1pl{P, X, X , U, t ,r)lp2(P*,X, X , U, t ,r) 

G (z x t ) 

+ 1p 1 (P*,X,X ,t r ,to, r )lp2(P,X,Xo,tr,to,r) = 2 - J ' (4.56) 

£ n {Z,Xo,to,r) 

1pl{P, X, X ,t r , t ,r)lp2(P*,X, X ,t r , t , r ) 

2y 

-1p 1 (P*,X,Xo,tr,to i r)lp2(P,X,Xo,tr,to, r ) = — fr? 7 \ ■ ( 4 - 57 ) 

Zb n {z,Xo,to, r ) 
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In addition, as long as the zeros of F n (- ,x, t r ) are all simple for (x, t r ), (x , io,r) 6 
tt, fl C R 2 open and connected, <&( • , x, xq, t r , to, r ), {x,t r ),(xo,to, r ) S 0, is mero- 
morphic on IC n \ {Pq, Poo±}- 

Proof. By (4.31), ipi( • , x, xq, t r , io,r) is meromorphic on /C n \{i 3 oo ± } away from the 
poles £ij(xo, s) of <j)( ■ , x , s) and fik(x' ,t r ) of <j>( ■ , x' , t r ). That ip\{ ■ ,x, x ,t r ,t , r ) 
is meromorphic on K n \ {Poo± } if F n ( ■ , x, t r ) has only simple zeros is a consequence 
of (cf. (3.31)) 

--4>(P,x' ,t r ) = ■£ 1 ]n(F n (z,a/,t r j)+0(l) as z ^ fij(x' ,t r ), (4.58) 
and 

1 ~ d 
—F r (z,xo,s)<t>(P,x ,s) = — In (F n (z,x ,s)) + 0(1) as z ^ fj,j(x ,s), 

Z P— >p,j (xo,s) OS 

(4.59) 

using (4.24), (4.26), and (4.42). This follows from (4.31) by restricting P to a suf- 
ficiently small neighborhood Uj(xo) of {/L,(xo,s) G /C n | (xo,s) G O, s G [to.D^r]} 
such that jlk{xo,s) ^ Uj(xo) for all s G [io,r,ir] and all fc G {l,...,n} \ {j} 
and by simultaneously restricting P to a sufficiently small neighborhood Uj(t r ) 
of {/^(x', t r ) E K n | (x',t r ) G fi, x' G [x ,x]} such that jlk(x',t r ) Uj{t r ) for 
all x' G [x ,x] and all fc G {l,...,n} \ {j}. By (4.32) and the fact that <p is 
meromorphic on K n one concludes that ip 2 is meromorphic on K n \ {Poo± } as well. 
Relations (4.50) and (4.51) follow as in Lemma 3.1, while the time evolution (4.52) 
is a consequence of the definition of ^ in (4.31), (4.32) as well as (4.35), rewriting 

(l/z)4> tr = ((l/z)2<j>F r + G r ) x , (4.60) 

using (4.17) and (4.34). To prove (4.53) we recall the definition (4.31), that is, 

y(P,x,x ,t r ,t ,r) = exp I - (x - x ) - (l/z) / dx' (f>(P,x' ,t r ) 
- ds ((l/z)F r (z,x , s)4>(P, x ,s) + G r (z,x , s))^ 

F n ( Z ,x,t r ) \ 1/2 cxp f {y/z) r dx > Fn{ZiX >^ ( 4. 61) 

V J Xq 



Ipl 



F n (z,x Q ,t r ) 

ds ((l/z)F r (z, x , s)(f>(P, x , s) + G r (z, x , s)) 



f 

Jto 



>t ,r 

using the calculation leading to (3.26). Equations (4.26) and (4.42) show that 

lp, w, D \ , P> ( \ V F r (z,x ,s) 1 F n , tr (z,x ,s) 

-F r (z,x Q ,s)(p(P,xo,s) + G r (z,x ,s) = - — '- - - —— — , 4.62 

z z F n (z,x ,s) 2 F n (z,x ,s) 

which inserted into (4.61) yields (4.53). Evaluating (4.53) at the points P and P* 
and multiplying the resulting expressions yields (4.54). The remaining statements 
are direct consequences of (4.37)-(4.38) and (4.53). □ 

Next, we turn to the time evolution of the quantities fij and Vj assuming (3.32), 
that is, 

E = 0, E m G C \ {0}, E m ^ E m > for m ^ m', to, to' = 1, . . . , 2n. (4.63) 
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Lemma 4.5. Assume Hypothesis 4-1, (4.63), and (4.4), (4.5) on an open and con- 
nected set Ct^ C M 2 . Moreover, suppose that the zeros fij, j = 1, . . . ,n, of F n { -) 
remain distinct and nonzero on fl^. Then {fj,j}j=i,... t n, defined by (4.24), satisfies 
the following first-order system of differential equations 

n 

Hj,x{x,t r ) = 2^ j (x,t r y 1 y(fi J (x,t r )) ~[[(LJ.j{x,t r ) - ^(a;,i r )) _1 , (4.64) 



Lij,t r (x,t r ) = 2F r {nj{x,t r ),x,t r ) x 



x nj{x,t r ) 1 y{fi J (x,t r )) Y[(fJ,j(x,t r ) - fi e (x,t r )) \ (4.65) 
i=i 

j = 1, • • • ,n, (x,t r ) E Qft. 
Next, assume K n to be nonsingular and introduce the initial condition 

{jlj(xo,to,r)}j=l,...,n C K n (4.66) 

for some (xo,to, r ) S K 2 , where fj,j(xo,to, r ) 0; 3 = l,---,n, are assumed to be 
distinct and F r (^,j(x ,t r ), x ,t r ) ^ 0, j = 1, . . . , n. Then there exists an open 
and connected set fl^ C M. 2 , with (x ,t 0-r ) e fl^, such that the initial value problem 
(4.64)-(4.66) has a unique solution {Aj}.;=i,...,n C K n satisfying 

Aj eC°°(^,/C„), j = l,...,n, (4.67) 

and ix j, j = 1, . . . , n, remain distinct and nonzero on O p with F r (Lij) ^ onVt^, 
j = l,...,n. 

For the zeros {^j}j=i,...,„ of H n { ■ ) similar statements hold with Lij and replaced 
by Uj andQ u , etc. In particular, {&j}j=i,...,m defined by (4.25), satisfies the system 

Vj,x(x,t r ) = 2(4u(x,t r ) - u xx {x,t r )){Au{x,t r ) + 2u x (x,t r ))~ 1 x 

n 

x v j (x,t r )~ 1 y(C>j(x,t r )) Y[(vj(x,t r ) - ^(a;,i r )) _1 , (4.68) 
i=i 

Vj,t r (x,t r ) — 2H r (i/j(x, t r ), x, t r )(Au(x, t r ) + 2u x (x, t r ))~ x 

n 

x v j (x,t r )~ 1 y(i> j (x,t r )) Y[(vj{x,t r ) -vtix^r))' 1 , (4.69) 
i=i 

j = 1, . . . ,n, (x,t r ) G 

Proof. It suffices to prove (4.65) since the argument for (4.69) is analogous and 
that for (4.64) and (4.68) has been given in the proof of Lemma 3.2. Inserting 
z = Lij(x,t r ) into (4.42), observing (4.24), yields 

F n ,M = f[(N - W) = 2F r { H )G n { H ) = -2^^). (4.70) 

i=i ^ 

i+3 

The rest is analogous to the proof of Lemma 3.2. □ 
Next we note the following trace formula, the independent analog of (3.38). 
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Lemma 4.6. Assume Hypothesis 4-1, (4-4), (4.5), and let (x,t r ) e M 2 . Then 

2n+l 



j — 1 m— 1 

We also record the asymptotic properties of (j), the analogs of (3.41) and (3.42). 

Lemma 4.7. Assume Hypothesis 4.1, (4.4), (4.5), and let P — (z,y) E JC n \ 
{Peo + ,Pco-,Po}, {x,t r ) el 2 . Then 

MPxt) = -2u(x,t r )+u x {x,t r ) + 0(C), P^Poo + , c = z -i 

,X ' C-o \2u{x,t r )+u x (x,t r ) + 0(0, P^Poo_, Z ' 

(4.72) 

/ i-r2n+l p \ 1/2 

\ llm=l & ™ J , „ . ,„ , 

4(P,x,t r ) = K ' C + 0(C 2 ), P-Po, C = ^ 1/2 - (4.73) 

C - >U Jn\X,l r ) 

Since the proofs of Lemmas 4.6 and 4.7 are identical to the corresponding sta- 
tionary results in Lemmas 3.3 and 3.4 we omit the corresponding details. 

Next, recalling the definition of F r (fij) introduced in (C.27) and also the defini- 
tion of B_q () and (3^ in (3.50) and (3.51), respectively, we now state the analog of 
Lemma 3.6, thereby underscoring the marked differences between the CH hierarchy 
and other completely integrable systems such as the KdV and AKNS hierarchies. 

Lemma 4.8. Assume (4.63) and suppose that {Aj}j=i,...,n satisfies the Dubrovin 
equations (4.64), (4.65) on an open set fi M C R 2 such that fij, j = 1, . . . ,n, remain 
distinct and nonzero on and that F r (fij) ^ on f2 M , j = 1, . . . , n. Introducing 
the associated divisor € a n K n , ft — {/ti, . . . , fi n } £ o- n IC n , one computes 

^(^ (Xitp) ) = -^-^_ £ (l) > {x,tr)€a„ (4.74) 

£a^(lW = -^^(g^®^(^*,)))c(l) 

+ 2^ <n+i-i(E)c(£)\ (x,t r )en^. (4.75) 

In particular, the Abel map does not linearize the divisor . t . ) onQ^. In addition, 

7TZ2 = - T , , , rrv («.*r)efi M , (4.76) 

^I(%x,t r )) = 2(0,...,0,l), (a:,t r )efi M) (4.77) 
^ ™ /-AiOMr) 2 



^ / f]i = — rrr ^ d r , k (E)^ k (n(x, t r )) + 2rf ri n£„, rAra , 

{x,t r )G%, (4.78) 

a - / r r r \ 

■^rK D H.x,t r )) =21 ^Cr-gCa+i-nCB), . . . , C r _ s C s+ i (P), C r - s C s (P) , 
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C-e(E) = 0, I G N, {x, t T ) e fi„. (4.79) 

Proof. Let (x,i r ) G fi M . Since (4.74), (4.76), and (4.77) are proved as in in the 
stationary context of Lemma 3.6, we focus on the proofs of (4.75), (4.78), and 
(4.79). Then, using (4.65), (3.55), (C.ll), and (C.9), (C.14), and (C.15) one obtains 

<-» / n „ n ■ \ n n k—1 n n k—1 r\ / \ 



n n fe-1 / rAn -(j) (,.\ 



rAn \ 

+ ^rf r>ro ®^ ) _ 1 (M) 

m=l ' 



rAn ^ / n n n 

m=0 fe=lj=l 
rAn n n 

+ 2 £ d r , m (£) EE^Xt'-Ml'^-M^^i 

m— 1 k—1 j=l 

2 rAn rAn 

= -y-T) ^2 d r , m (E)^ m (p)c(l) + 2^2 d r . m (E)c(n -m+l) 



2 



m=0 
rAn 



= -T^T-T J2 d r,m(E)*m(t±)c(l) + 2 dr,n+l-m(E)c(m). (4.80) 

Equation (4.78) is just a special case of (4.75) and (4.79) follows as in (4.80) using 
again (C.9). □ 



The analogous results hold for the corresponding divisor T>$( x ,t r ) associated with 

4>{-,x,t r ). 

The fact that the Abel map does not effect a linearization of the divisor X > ( a( Xl t r ) 
in the CH context is well-known and discussed (using different approaches) by 
Constantin and McKean [29], Alber, Camassa, Fedorov, Holm, and Marsden [3], 
Alber and Fedorov [7], [8]. A change of the variable t\ in analogy to that in 
(3.57) in the stationary context, which avoids the use of a meromorphic differential 
(cf. (3.50), (3.51)) and linearizes the Abel map when considering the CHi flow, is 
discussed in [1]. That change of variables corresponds to the case r = 1 in (4.83). 

Next we turn to one of the principal results of this section, the representations 
of <j> and u in terms of the Riemann theta function associated with JC n , assuming 
JC n to be nonsingular. Recalling (3.58)-(3.67), the analog of Theorem 3.7 in the 
stationary case then reads as follows. 

Theorem 4.9. Suppose Hypothesis J^.l and (4.2), (4.3) on Q, subject to the con- 
straint (4.63). In addition, let P G IC n \{P co+ , Pq} and (x,t r ), (xo,to <r ) G 0, where 
Q C M. 2 is open and connected. Moreover, suppose that © J a( x ,t r ), or equivalently, 
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f&(x,t r ); ^ nonspecial for (x,t r ) G ft. Then (j) and u admit the representations 

JUiP^tt^UWUiP^tr))) ( _ f P ( 3 ) 

<P{F,x,t r) - ^ ( , (Poo+ ^ (a;) i r)))e( , ( p^ (a;)tr))) ex P^ J Qo w ^ + ^ + eo 

(4.81) 

^ n ^ 2n+l 



2 ^ 4 

1 m— 1 

2 h \*U( P ~_,A(*,*r))+«0 



(4.82) 



tu=0 



Moreover, let ft C fl be such that fij, j = 1, . . . ,n, are nonvanishing on ft, Then, 
the constraint 



2(x - X ) + 2(t r - t , r ) ^2 Cr-sC s {E) 
s=0 

( of ^ 

n n / r 

+ 2(t r -t 0tr ) d rtn+1 _ e (E)J2 ( wg +iPoc 

fclVfn+l-fl .7=1 ^ 3 



9(1) 



/ 0(z(P 00+ ,[i(x,t r )))6(z(P 00 _,[i(xo,to, r ))) \ 

n U(^oo_,A(^^)))^^(Poo + ,A(xo,to,r)))/' 

(x,i r ), (x ,i ,r) G ^ 

holds, with 

z(Poo±,Kx,t r ))) = S Qo - A Qo (Poo ± ) +S Qo (X>0 (x>tr) ) 

= Sq -1q (^cx> ± ) +S Qo (X»^ (x0;tr) ) 

-'(jC^^w)*' (4 ' 84) 



2(1) 



+ 2(t r -t , r )( H dr,T.+i-<(=?)c(^)J ) (4.85) 
(a;,i r ), (x ,t ,r) G ^- 

Proof. First, let f2 C be defined by requiring that ^ , j = 1, . . . ,n, are distinct 
and nonvanishing on ft and F r (fij) ^ on 0, j = 1, . . . ,n. The representation 
(4.81) for 4> on ft then follows by combining (4.28), (4.72), (4.73), and Theorem 
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A. 5 since "Dp, and T>„ are simultaneously nonspecial as discussed in the proof of 

Theorem 3.7. The representation (4.82) for u on SI follows from the trace formula 

(4.71) and (C.46) (taking k = 1). By continuity, (4.81) and (4.82) extend from Q to 

O. The constraint (4.83) then holds on Q by combining (4.76)-(4.79), and (C.45). 
Equations (4.84) and (4.85) are clear from (4.74) and (4.75). Again by continuity, 

(4.83)-(4.85) extend from to Q. □ 

As discussed by Alber, Camassa, Fedorov, Holm, and Marsden [3], Alber and 
Fedorov [7], [8], the algebro-geometric CH solution u in (4.82) is not meromorphic 
with respect to x,t r , in general. In more geometrical terms, the CH r flows evolve 
on a nonlinear subvariety (corresponding to the constraint (4.83)) of a generalized 
Jacobian, topologically given by J(JC n ) x C* (C* = C \ {0}). For discussions 
of generalized Jacobians in this context we refer, for instance, to [37], [43], [44]. 
Smooth (i.e., C 1 with respect to t\ and C 3 and hence C°° with respect to x) 
spatially periodic CHi solutions u are quasi-periodic in t\ as shown by Constantin 
[22]. 

Without going into details we mention that our approach extends in a straight- 
forward manner to the Dym-type equation, 

v xxt + 2vv xxx + 4v x v xx - 4kv = 0, n e R, (x, t) e R 2 . (4.86) 

The corresponding zero-curvature formalism leads to a trace formula analogous to 
(4.71) (cf. [3], [7], [8]). One needs to replace the polynomial i?2n+2 (z) by R^ n+ i{z) = 
rim=o( z ~ Em), which results in a branch point Poo at infinity, and replaces the 
(non-normalized) differential u)p p of the third kind by the (non-normalized) 

(2) 

differential uj p ' = z n dz/y of the second kind, etc. This approach (applied to the 
Dym equation 4 j o t = p 3 p xxx , related to (4.86) by proper variable transformations) 
was first realized by Novikov [55] and inspired our treatment of the CH hierarchy. 

Expressing F r in terms of ^k(^) and hence in terms of the theta function as- 
sociated with JC n , one can use (4.53) to derive a theta function representation of 
ipj, j — 1,2, in analogy to the stationary case discussed in Remark 3.9. We omit 
further details. 

Up to this point we assumed Hypothesis 4.1 together with the basic equations 
(4.4) and (4.5). Next, we will show that solvability of the Dubrovin equations 
(4.64) and (4.65) on C R 2 in fact implies equations (4.4) and (4.5) on and 
hence solves the algebro-geometric initial value problem (4.2), (4.3) on Q^. In 
this context we recall the definition of F r (/jj) in terms of fii, . . . , /j, n , introduced in 
(C.27), (C.24), 

rAn 

FM) = Y, <M£)$i J 'V)' r e N o, 5 = 1, (4.87) 

r — k 

d r ,k(E) = ^c r _ fe _ s c s (S ), fc = 0, ...,rAn, (4.88) 

s=0 

in terms of a given set of integration constants {ci, . . . , c r } C C. 

Theorem 4.10. Fix n G N and assume (4.63). Suppose that {fij}j=i,..., n satisfies 
the Dubrovin equations (4.64), (4.65) on an open and connected set C R 2 , 
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with F r {Hj) in (4.65) expressed in terms of fik, k = l,...,n, by (4.87), (4.88). 
Moreover, assume that j = l,...,n, remain distinct and nonzero on f2^ and 
that F r (/jj) ^0 on Q^, j = 1, . . . , n. Then u e C°°(n ([i ) defined by 

^ n ^ 2n+l 

u(x,t r ) = - ^2fij(x,t r ) - - E m, (4-89) 

j — l m— 1 

satisfies the rth CH equation (4.2), that is, 

CH r (u) =0 on n M , (4.90) 

wif/i initial values satisfying the nth stationary CH equation (4.3). 

Proof. Given solutions fij = (jij,y{fij)) 6 C oc (0 M ,/C„), j = 1, . . . ,n of (4.64) and 
(4.65), we define polynomials F„, G„, and _ff„ on as in the stationary case, cf. 
Theorem 3.11, with properties 

n 

F n {z) = H{z-H), (4.91) 

G n {z) = F n {z)+ l -F n , x {z), (4.92) 

zG n>x {z) = [Au - u xx )F n (z) - H n {z), (4.93) 

H n , x (z) = 2H n (z) - 2(4u - u xx )G n (z), (4.94) 

R2n+2{z) = z 2 G n {zf + zF n (z)H n (z), (4.95) 
treating t r as a parameter. Define polynomials G r and H r by 

G r (*) = F r (z) + \Fr{z), (4.96) 

H r (z) = (4u - u xx )F r {z) - zG r , x (z), (4.97) 
respectively. We claim that 

F n , tr (z) = 2(G„(z)F r (z) - F n (z)G r {z)). (4.98) 
To prove (4.98) we compute from (4.64) and (4.65) that 

n 

F n ,t r (z) = -F„(z)^F r (M i K I (2-Mi)" 1 1 (4-99) 

F n , x (z) = -F n {z)^2ti jlX (z- Hj)' 1 . (4.100) 
j'=i 

Using (4.92) and (4.96) we see that (4.98) is equivalent to 

n 

*V,x(*) = Yl ftrW - ~ Mi)" 1 - ( 4 - 101 ) 

Equation (4.101) is proved in Lemma C.5. This in turn proves (4.98). Next, taking 
the derivative of (4.98) with respect to x and inserting (4.93) and (4.92), yields 

F n ,t r x{z) = 2^(4:U-u xx )F n (z) + G n (z)F riX (z) 

- 2(G n (z) - F n (z))G r (z) - F n (z)G r , x (z)) . (4.102) 
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On the other hand, by differentiating (4.92) with respect to t r , using (4.98) we 
obtain 

F n>trX (z) = 2(G nttr (z) - 2(G n (z)F r (z) - F n (z)G r (z)). (4.103) 

Combining (4.102) and (4.103) we conclude 

zG nttr (z) = F n (z)H r (z) - F r (z)H n (z). (4.104) 

Next, we take the derivative of (4.95) with respect to t r and use the expressions 
(4.98) and (4.104) for F„ ;tr and G n ,t r , respectively, to obtain 

H rhtr (z) = 2(G r (z)H n (z) - G n (z)H r (z)). (4.105) 

Finally, we compute G n ,xt r in two different ways. Differentiating (4.104) with 
respect to x, using (4.92), (4.96), and (4.94), one finds 

zG nMr {z) = H riX (z)F n (z) + 2(G n (z)H r (z) - G r (z)H n {z)) 

+ 2(Au - u xx )G n (z)F r {z) - 2F n (z)H r (z). (4.106) 

Differentiating (4.93) with respect to t ri using (4.98) and (4.105), results in 

zG n , xtr (z) = (u tr ~ u xxtr )F n {z) - 2{G r (z)H n {z) - G n (z)H r (z)) 

+ 2(4u - u xx )(G n (z)F r (z) - F n (z)G r (z)). (4.107) 

Combining (4.106) and (4.107) one concludes 

u tr - u xxtr = H r (z) + 2(4u - u xx )G r {z) - H r (z) (4.108) 

which is equivalent to (4.90). □ 

Appendix A. Hyperelliptic curves and their theta functions 

We provide a brief summary of some of the fundamental properties and notations 
needed from the theory of hyperelliptic curves. More details can be found in some of 
the standard textbooks [36] and [54] , as well as monographs dedicated to integrable 
systems such as [15, Ch. 2], [46, App. A-C]. 

Fix n e N. The hyperelliptic curve JC n of genus n used in Sections 3 and 4 is 
defined by 

2n+l 

K n : T n (z,y) = y 2 -R 2n+2 (z) = 0, R 2n+2 (z) = ]J (z - E m ), (A.l) 

m=0 

{£ m }m=o,.,2n+i C C, E m ^ E n for m ^ n, m,n = 0, ... ,2n + 1. (A. 2) 

The curve (A. 2) is compactified by adding the points Poo + and Poo_ , Poc + ^ Poo_ , 
at infinity. One then introduces an appropriate set of n + 1 nonintersecting cuts Cj 
joining E m ^ and E m i^y We denote 

71+1 

c=\Jc 17 C,nC fe = 0, j^k. (A.3) 

Define the cut plane 

n = C\C, (A.4) 
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and introduce the holomorphic function 

(2n+l \ 1 / 2 

n ( z - ( a -5) 

on II with an appropriate choice of the square root branch in (A. 5). Define 

M n = {(z,aR 2n+2 {z) 1/2 ) | seC, (7e{l,-l}}U{P 00+ ,P 00 _} (A.6) 

by extending i?2n+2( • )^ 2 to C. The hypcrclliptic curve is then the set A4„ with 
its natural complex structure obtained upon gluing the two sheets of M. n crosswise 
along the cuts. The set of branch points B{K n ) of K n is given by 

B(JC n ) = {(E m , 0)} rn=0 ,...,2n+i (A.7) 

and finite points P on JC n are denoted by P = (z,y), where y(P) denotes the 
meromorphic function on K n satisfying T n (z,y) = y 2 — PL2n+i{z) = 0. Local 
coordinates near P = (z ,y ) £ JC n \ {B{TC n ) U {P 00+ , Poo_ }} are given by ( Pa = 
z — zq, near P oa± by Cpoo ± = an d near branch points (E mo ,0) E B(JC n ) by 
C(£ mo ,o) — ( z ~ E ma ) x / 2 . The Riemann surface K n defined in this manner has 
topological genus n. Moreover, we introduce the holomorphic sheet exchange map 
(involution) 

*:AC„^/C„, P={z,y)^P* = {z,-y), P 00± ^P* 00± =P OOT (A.8) 

One verifies that dz/y is a holomorphic differential on K n with zeros of order 
n — 1 at Poo ± and hence 

z 3 ~ 1 dz _ , . „. 

Vj = . J = l,...,n A.9 

y 

form a basis for the space of holomorphic differentials on tC n . Introducing the 
invertible matrix C in C n , 

C = (C jtk ) jtk=1 ,..., n , Cj, k = f //.,. (A.10) 

J a fc 

c(fc) = (ci(A5),... )Cn (fe)), c j (fc) = Cr fe 1 , j,k = l,...,n, (A.11) 

the corresponding basis of normalized holomorphic differentials Wj, j = 1, . . . , n on 
/C„ is given by 

n . 

Uj = y^Cj(t)Vt, / Uj=5 jtk , j, k = 1, . . . ,n. (A. 12) 

Here {fflj, &j}j=i,...,n is a homology basis for /C„ with intersection matrix of the 
cycles satisfying 

a,jobk = 6j ik , j,k = l,...,n. (A. 13) 

Near P oa± one infers 

/ ™ c(j)C n ~ j \ 

41 " <M w,) "Hg(n-- ( i-«.or)* 

2n+l 



= ± (c(n) + Qc(n) ]T P m + c(n - 1)) C + 0(C 2 )) d( as P -> P^ , 

C = l/z, (A.14) 
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LO = 



and 

V(P) = T (l - \ ( E R °) C + °(C 2 )) C"- 1 as P - P„c ± . (A.15) 

Similarly, near P one computes 

2z(Q- 1 / 2 c(l) + 0(C 2 ))dC as P - P , (A.16) 

2n+l s 1/2 



J]s m , c = ^ 1/2 ,^{i,-i}, 

m=1 / 



using 



y(P) ( = o zg!/ 2 C + 0(C 3 ) asP^Po, C = vz 1 / 2 , a G {1, — 1}, (A.17) 

with the sign of Q 1/>2 determined by the compatibility of charts. 

Associated with the homology basis {aj, bj}j=i,...,n we also recall the canonical 
dissection of K. n along its cycles yielding the simply connected interior K. n of the 
fundamental polygon dK n given by 

dK, n = aibia^ 1 b^ 1 a 2 b 2 a2 1 b2 1 ■ ■ ■ a" 1 ^" 1 . (A. 18) 

Let M{K, n ) and A4 1 (/C„) denote the set of meromorphic functions (0- forms) and 
meromorphic differentials (1-forms) on K. n . The residue of a meromorphic differen- 
tial v G A4 1 (/C„) at a point Q G /C n is defined by 

where 7q is a counterclockwise oriented smooth simple closed contour encircling Q 
but no other pole of v. Holomorphic differentials are also called Abelian differentials 
of the first kind (dfk). Abelian differentials of the second kind (dsk) G M}{K, n ) 
are characterized by the property that all their residues vanish. They will usually 
be normalized by demanding that all their a-periods vanish, that is, 



If ojp^ n is a dsk on K n whose only pole is Pi G K n with principal part C " 2 d(, 



/ 2 )=0, j = l,...,n. (A.20) 

mly pole is Pi G K, n with princi 
n G No near Pi and u)j — (J2m=a dj, m (Pi)( m ) d( near Pi, then 

J_ f (2) _ djMPi) m _ 01 (A2 l) 

Any meromorphic differential u/ 3 ) on K n not of the first or second kind is said 
to be of the third kind (dtk). A dtk uj^ G A4 1 (/C„) is usually normalized by the 
vanishing of its a-periods, that is, 

[ uj^=0, j = l,...,n. (A.22) 

A normal dtk w^' Pa associated with two points Pi , P 2 G JC n , Pi =/= P 2 by definition 
has simple poles at Pj with residues (— 1) J+1 , j = 1,2 and vanishing a-periods. If 
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(3) ;„ 



pq is a normal dtk associated with P, Q e JC n , holomorphic on K n \ {P, Q}, then 



p 

■ 



I Wj, j = l,...,n, (A.23) 



Q 



where the path from Q to P lies in K, n (i.e., does not touch any of the cycles a,j, 
bj). Explicitly, one obtains 



(3) l y + yi dz | II?=i(z 

Wpi - P »- ~ 2z- Zl y + 2y 

,.,(3) - 



(A.26) 



= (y±m _ v + vA *z + ^ (*- 

V z - zi z- z 2 J 2y y 

P\t?2 € /C„ \ {-Poc+ j -Poo- }j 

where 7j, Aj, A,-, A'-, A" e C, j = 1, . . . , n, are uniquely determined by the require- 
ment of vanishing a-periods and we abbreviated Pj = (zj,yj), j = 1,2. (If n = 0, 
we use the standard convention that the product over an empty index set is replaced 
by 1.) 

We shall always assume (without loss of generality) that all poles of dsk's and 
dtk's on K, n lie on /C„ (i.e., not on dlC n ). 
Define the matrix r — (7^)^=1,. by 

Tj,e = / UJ£, j,£=l,...,n. (A.28) 
Jb 3 

Then 

Im(r) > 0, and Tj i e = Tej, j,£ = l,...,n. (A. 29) 

Associated with r one introduces the period lattice 

L n = {z e C™ I z = m + Tn, m,ne Z™} (A.30) 
and the Riemann theta function associated with K, n and the given homology basis 

{dj, &j}j=l,...,n; 

6>(z) = ^ exp (2ni(n,z) + ni(n,m)), zeC", (A.31) 

where (w, u) = Y^j=i ^j v i denotes the scalar product in C™. It has the fundamental 
properties 

6(zi,... ,Zj-i,-zj,Zj+i,... ,z n ) =6(z), (A. 32) 

6(z + m + rn) = exp ( — 2iri(n, z) — ni(n, rn))6(z), m,nel< n . (A. 33) 
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Next, fix a base point Qo <E IC n \ {P 0± ,Poo ± }, denote by J(/C„) = C n /L n the 
Jacobi variety of JC n , and define the Abel map Aq q by 



Aq '- fcn ^ J(>C n ), Aq (P) = [ / wi,..., / w„) (mod I„), Pe/C„. 

VJQo -/Qo / 

(A.34) 

Similarly, we introduce 

a Qo : Div(/C„) - J(/C„), D ~ fiQo (2?) - ]T P(P)A Qo (P), (A.35) 

where Div(/C„) denotes the set of divisors on K, n . Here T>: JC n — > Z is called a 
divisor on /C„ if T>(P) =/= for only finitely many P G /C„. (In the main body of 
this paper we will choose Q a to be one of the branch points, i.e., Qo S B(fC n ), and 
for simplicity we will always choose the same path of integration from Qo to P in 
all Abelian integrals.) For subsequent use in Remark A. 7 we also introduce 

A Qo : IC n - C", (A.36) 
P~A Qo (P) = (A QoA (P),...,A Qo , n (P)) = ( f m,...,f 
and 

a Qo : Div(£„) - C", V ~ a Qo {V) = £ V(P)A Qo (P). (A.37) 

In connection with divisors on K. n we shall employ the following (additive) no- 
tation, 

Vq q = V Qo +Vq, Vq=V Qi +--- + V Qm , (A.38) 
Q = {Qu---,Q m } e cr m /C„, Q e/C„, meN, 

where for any Q £ K, n , 

V Q :JC n ^N , P^V Q (P) = \ l ^ P p Zr\ S nx (A ' 39) 

[0 for P e /C„ \ {Q\, 

and a m K, n denotes the mth symmetric product of JC n . In particular, <r m JC n can be 
identified with the set of nonnegative divisors < V e Div(/C„) of degree m e N. 

For / e A4(/C„) \ {0}, u> e M 1 ^^ \ {0} the divisors of / and oj are denoted 
by (/) and (ui), respectively. Two divisors T>, £ € Div(/C„) are called equivalent, 
denoted by V ~ 5, if and only if D - 5 = (/) for some / e MQC n ) \ {0}. The 
divisor class [D] of 2? is then given by [T>] = {£ e Div(/C„) | £ ~ T>}. We recall 
that 

deg((/)) = 0, deg((u;)) = 2(n - 1), / G A4(/C„) \ {0}, w £ M\lC n ) \ {0}, (A.40) 

where the degree dcg(£>) of V is given by deg(2?) = J2peK n ^ ) (^ > )- ^ ^ s customary 
to call (/) (respectively, (uj)) a principal (respectively, canonical) divisor. 
Introducing the complex linear spaces 

C(V) = {/ e M(K n ) | / = or (/) > V}, r(V) = dim c C(V), (A.41) 
C X {V) = {uj e A^/CJ I w = or (w) > Z>}, i(2>) = dim c /^(D), (A.42) 
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(i(V) the index of speciality of V) one infers that deg(£>), r(D), and i(V) only 
depend on the divisor class [V] of V. Moreover, we recall the following fundamental 
facts. 

Theorem A.l. Let V G Div(/C„), u e M 1 ^) \ {0}. Then 

i(V) = r(V - (w)), n E N . (A.43) 
The Riemann-Roch theorem reads 

r(-V)=deg(V)+i(V)-n + l, n e N . (A.44) 
By Abel's theorem, T> S Div(/C„) ; n eN, zs principal if and only if 

deg(V) = and a Qo (V) = 0. (A.45) 

Finally, assume n e N. TTien ag o : Div(/C„) — > J(fC n ) is surjective (Jacobi's 
inversion theorem). 

Next we introduce 

J^o = {0} c J(/C„), W m = a Qo (a m lC n ), m G N (A.46) 

and note that while a m )C n <f_ a n K, n for m < n, one has W m C W£„ for m < n. 
Thus W£ m = J(/C„) for m > n by Jacobi's inversion theorem. 
Denote by S Qo = (5 

<2o,i > • • • i "Qo.n) ^ ne vector of Riemann constants, 

1 n T f p 

2q„, 3 = ^(I + t^)-^ / / w i> J' = l, (A.47) 

Theorem A. 2. The set W n _ 1 + Sq o C J(fC n ) is the complete set of zeros of 8 on 
J(tC n ), that is, 

9(X) = if and only if X e YL n -i + 2 Qo (A.48) 

(i.e., if and only if X = (o.q (V) + 3.q ) (mod L n ) for some V G o n ~ x K, n ). The 
set W_ n -i +^Q has complex dimension n — 1. 

Theorem A.3. Let V Q e <7™/C n; Q = {Qi, . . . , Q„}. T/ien 

1 < = s (A.49) 

i/ and only if there are s pairs of the type {P, P*} C {Qi, . . . , Q„} (this includes, 
of course, branch points for which P = P*). Obviously, one has s < n/2. 

Remark A. 4. While 9(z) is well-defined (in fact, entire) for z G C™, it is not well- 
defined on J(IC n ) = C n /L n because of (A. 33). Nevertheless, 9 is a "multiplicative 
function" on J(K, n ) since the multipliers in (A. 33) cannot vanish. In particular, if 
2.1 = z.2 (mod L n ), then 9(z_ x ) — if and only if 9(z_ 2 ) = 0. Hence it is meaningful 
to state that 9 vanishes at points of J(fC n ). Since the Abel map Aq o maps fC n into 
J(/C„), the function 9(Aq o (P) — £) for £ G C™, becomes a multiplicative function 
on K. n . Again it makes sense to say that 8(Aq q ( ■ ) — £) vanishes at points of K. n . 

Theorem A. 5. Let Q = {Qi, . . . , Q n } £ o- n K. n and assume Vq to be nonspecial, 
that is, i(Vq) = 0. Then 

m Qo - A Qo (P) + a Qo (Vq)) = if and only ifPe{Q u ..., Q n }. (A.50) 
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Theorem A. 6. Suppose G o n K, n is nonspecial, fj, — {/ti, . . . , fi n }, and fi n +i G 

/C„ with fi* n+1 {fix, ji n }. Let {A\, . . . , A n+ i} C JC n with %A n+1 ~ p AA™+i 

(i.e., £>aa„ +1 e [^AAn+J)- ™- en an 2/ n points z>j G {Ai, . . . , A n+ i}, j = l,...,n 
define a nonspecial divisor T>o G o- n fC n , z) = {^i, . . . , 

Proof. Since i(T>p) = for all P G /Ci, there is nothing to prove in the special case 
n = 1. Hence we assume n > 2. Let Q £ B(K, n ) be a fixed branch point of /C„ 
and suppose that T>o_ is special. Then by Theorem A. 3 there is a pair {z>, z>*} C 
{j>i, . . . , v n } such that 

«Qo(%) = «Qo(%)' ( A - 51 ) 
where£ = {i>i, . . . , z>„}\{i>, z>*} G cr n_2 /C„. Let i>„ + i G {Ai, . . . , A n+ i}\{i>i, . . . , z>„} 
so that {£-!, . . . , j>„+i} = {Ai, . . . , A„ +1 } C cr n+1 /C„. Then 

a Qo (%n+i) = <21q (£W„ +1 ) = a Qo (V kXn+i ) 

= «q (%„ +1 ) = -^o (A;+i)+ag (©A). (A.52) 
and hence by Theorem A. 2 and (A.52), 

= 0(E Qo +a Qo (% n+1 )) - 0(S Qo - Aq (A;+i) +Oq (Z>a))- (A.53) 

Since by hypothesis is nonspecial and An+i ^ {Ai> • • • > An}> (A.53) contradicts 
Theorem A. 5. Thus, X>£> is nonspecial. □ 



^p) = 2~ Qo ! ^°^^ cx p( / <"S,qJ. Pe/C « (A.54) 



Remark A. 7. In Sections 3 and 4 we frequently deal with theta function expressions 
of the type 

(5 Qo -A Qo CP)+g Qo ( p i)) 
0(S Qo -4 Qo (P)+a Qo CD 2 )) 

and 

^.-W^gO) xp (_ c fVA PeK „, (A . 55) 

where T>j G cr™/C n , j = 1,2, are nonspecial positive divisors of degree n, c G C is 
a constant, Qj G /C„ \ {Pooi, • • • , Poo„}, where {Pooi, ■ • ■ , Poo N }, N G N, denotes 

(3) 

the set of points of K, n at infinity, q 2 is a normal differential of the third kind, 
and f^ 2 ) a normalized differential of the second kind with singularities contained 
in {Poon • ■ • , Pocjv}- In particular, one has 

/ W S,Q 2 = / " (2) =0, j = l,...,n. (A.56) 

Even though we agree to always choose identical paths of integration from Pq to 
P in all Abelian integrals (A.54) and (A.55), this is not sufficient to render </> and 
tp single- valued on fC n . To achieve single- valuedness, one needs to replace tC n by 
its simply connected canonical dissection K n and then replace Aq , &q m (A.54) 
and (A.55), with Aq i cLq as introduced in (A. 36) and (A. 37). In particular, one 
regards dj,bj, j = 1, . . . , n, as curves (being a part of dlC n , cf. (A. 18)) and not as 
homology classes. Moreover, to render <j> single- valued on K n one needs to assume 
in addition that 

2 Qo (P 1 )-S Qo (2? 2 )=0 (A.57) 
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(as opposed to merely ag o (Di) — aQ (D 2 ) = (mod L n )). Similarly, in connection 
with tp, one introduces the vector of 6-periods U}- 2 ^ of fl^ by 

U^ = (U[ 2 \...,U(% ^ (2) = 2^j[n (a) , J = l,-,n, (A.58) 

and then renders ?/> single- valued on /C„ by requiring 

S Qo (2?i)-a Qo (P 2 ) = c £( 2 ) (A.59) 

(as opposed to merely Oq (T>i) — Oq q (V 2 ) — cU} 2 ^ (mod L n )). These statements 
easily follow from (A. 23) and (A. 33) in the case of <j> and simply from (A. 33) in the 
case of ip. In fact, by (A. 33), 

a Qo (V 1+ V Ql )-a Qo (V 2 +V Q2 )EZ n , (A.60) 

respectively, 

2 Q jPi)-3 Qo (D 2 )- c [/( 2 »er, (A.61) 

suffice to guarantee single- valuedness of (f>, respectively, on JC n - Without the 
replacement of Aq q and o.q by Aq q and Sq in (A. 54) and (A. 55) and without the 
assumptions (A. 57) and (A.59) (or (A.60) and (A.61)), <fr an d ip are multiplicative 
(multi- valued) functions on K n , and then most effectively discussed by introducing 
the notion of characters on JC n (cf. [36, Sect. III. 9]). For simplicity, we decided to 
avoid the latter possibility and throughout this paper will tacitly always assume 
(A. 57) and (A.59) without particularly emphasizing this convention each time it is 
used. 



Appendix B. High-Energy Expansions 

In this appendix we study the relationship between the homogeneous coefficients 
ft and nonhomogeneous coefficients ft of the polynomial F n , discuss the high-energy 
expansion of F n /y, and use it to derive a nonlinear recursion relation for ft, I e N . 

Let 

{E m } m =0,...,2n+1 f° r somc n *= No (B.l) 

and 77 eC such that \rj\ < rmn{|£ , |~ 1 , • • ■ , \E 2n +i T 1 }- (B.2) 



Then 



where 



2n+l s -1/2 oo 

Ui 1 -^)) = (B.3) 

m=0 ' k=0 



k 



JO,---,j2n + l— 



JO-i h72n+l = 
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The first few coefficients explicitly read 

2n+l 2n+l _ 2n+l 

&o(E) = 1, cAE) = -J2E m , c 2 (E) = - E mi E m2 etc. 



2 ^ " w 4 

m— mi, m2=0 m— 

mi<m 2 



(B.5) 



Similarly, 



where 

c (E) = i, 



2n+l s 1/2 oo 

m=0 ' k=0 



n ,(jp\- (2 j - 3)!! ■ ■ ■ (2j 2ra+ i - 3)!! ■ h 
c k {E) ^ ^,„!.., /2 „.,! E « • • (B ' 7) 



JO,- J2n + 1=0 
JOH hj2n+l=fe 



The first few coefficients explicitly are given by 

^ 2n+l 2n+l _^ 2n+l 

co® = 1, dGE) = ~2 E C2 ® = 4 E - g E *W etc ' 

m=0 mi,m2=0 m— 

mi <m 2 

(B.8) 

Here we used the abreviations 

(2g-l)!! = l-3---(2g-l), 9 eN, (-3)!! = -1, (-1)!! = 1. (B.9) 

Theorem B.l. Assume u E C°°(R), d m u/dx m e L°°(R), m e N , s-CH n (u) = 
and suppose P = (z,y) e K n \ {Poo + ,-Poo_}- Then F n /y has the following 
convergent expansion as P — ► Poo ± , 

^ = TE/K^, (BAG) 

wzi/i C = I/ 2 fie ?oca/ coordinate near P oa± described in Appendix A and fe the 
homogeneous coefficients fe in (2.10). In particular, fe can be computed from the 
nonlinear recursion relation 

/o = 1, A = -2«, 

/ £ 

A+l = Si E (ft+l-k,xxfk — \fl+\-k,xfk,x — Zfe+l-kfk) 

\k=l 

1 \ 

+ 2(u xx -4u)J2.h-kfk), feN, (B.ii) 



assuming 



f e eL°°(R), £gN. (B.12) 

Moreover, one infers for the E m -dependence of the integration constants ce, t = 
0, . . . ,n, in F n , 

ce = c e (E), l = 0,...,n (B.13) 
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and 

£ 

ft = 52ce- k (E)fk, t = 0,...,n, (B.14) 

fe=0 

£ 

// = X>_ fc (£)/ fc) £ = 0,...,n. (B.15) 

fc=0 

Proof. Dividing F n by -R^n+i (temporarily fixing the branch of R2n+i(z) 1 ^ 2 as z n+1 
near infinity), one obtains 



F n (z) 



R2n+l( z ) 1/2 V^T 



= E^(^ k E/^ 1 hE/^ 1 (B.i6) 



£=0 7 fcO 



for some coefficients ft to be determined next. Dividing (2.41) by J?2n+i, and 
inserting the expansion (B.16) into the resulting equation then yields the recursion 
relation (B.ll) (with ft replaced by ft). More precisely, for f\ one originally obtains 
the relation 

-h,xx + 4/i = 2(u xx - 4u), that is, ^ - A_ + 4^) ^ + 2u) = 0. (B.17) 
Thus, 

h(x) = -2u{x) + ai e 2x + b ie - 2x (B.18) 

for some a\,b\ G C, and hence the requirement f\ G L CC (R) then yields a\ — bi — 0. 
The open sign of fo has been chosen such that f = fa = 1. For £ > 2 one obtains 
similarly 

/ ' 

— fi+l,xx + 4/^+1 = ( E] (fl+l-k,xxfk — \ft+l-k,xfk,x — 2/f+l-fe/fe) 
^fe=l 

< \ 

+ 2(u xx -4:u)J2fe-kfk), t>l, (B.19) 

fc=0 ' 

and hence, 

/ < 

fe+i = Qy E/ (fe+i-k,xxfk — \ft+i-k,xfk,x — 2fi+\-kfk) 

+ 2( Ura -4 U )^/ £ _ fe / fc ) +a, +1 e 2a; + 6 £+ie - 2K , *>1 (B.20) 

fe=0 ' 

for some a^ + i, bg + i G C. Again the requirement G i°°(K) then yields a^ +1 = 
= 0, £ > 1. Introducing / £ by (2.10) with c fc = 0, k G N, and f e by (B.ll), a 
straightforward computation shows that 

, e-i e-i 
fe,x = Qi (fe-k,xxx - 4fe-k, x )fk - E! 2 ( - 2 ( U;M: - ^ u )ft-k-i,x 

^fc=l fc=0 

+ (4u x - u xxx )fz-k-\)^fk 
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, £-1 e-i 
G( - fz-k,xfk + E (G -1 fe-k,x) fk 

^ k=l fe=0 



= //,*, ^N. (B.21) 

Hence, 

f e = fe + d e , £eN (B.22) 

for some constants d< £ C, f £ N. Since do = d\ = by inspection, we next proceed 
by induction on £ and suppose that 

dfe = and hence fk = fk for k = 0, . . . , £ (B.23) 

Thus, (B.ll) and (B.22) imply 

f e+ i = G{...} = fe + i + de +1 , (B.24) 

where {. . . } denotes the expression on the right-hand side of (B.ll) in terms of 
fk = fk, k = 0, . ..,£. Hence, 

{...}- fe+i + a l+1 e 2x + f3 l+1 e- 2x = d i+1 = 4d i+1 (B.25) 

for some constants ae+i,0t+i £ C. Since {. . . } — fi+i G L°°(M), one concludes once 
more that o^+i = 0e+i — 0- Moreover, since {...} — contains no constants by 
construction, one concludes d^+i = and hence 

// = ft for all I G N . (B.26) 

Thus, we proved 

F„(z) 



J?2n+l(-2) 1/2 N-°o 



(oo \ / n \ OO 

fe=0 ' ^ £=0 ' fcO 



and hence (B.10). A comparison of coefficients in (B.27) then proves (B.15). Next, 
multiplying (B.3) and (B.6), a comparison of coefficients of z~ k yields 

k 

c k -e(E)ce(E) = S k ,o, k G N . (B.28) 

e=o 

Thus, one computes 

£ £ m £ £ 

^2 Ce-m{E)f m = ^2 ^2 c t-m(E)Cm-k(E)f k = ^^Ct>- p {E)c p - k {E)f k 
m=0 m=0 k=0 k=0 p=k 

£ , l-k 

= J2[ ^2<*-k-m(E)c m (E))fk = fe, £ = 0,...,n, (B.29) 
applying (B.28). Hence one obtains (B.14) and thus (B.13). □ 
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Appendix C. Symmetric Functions and their 
Theta Function Representations 

In this appendix we consider Dubrovin-type equations for auxiliary divisors Dp, 
of degree n on /C„ and study in detail elementary symmetric functions associated 
with the projections fij of fij, j = 1, . . . , n. In addition to various applications of 
Lagrange interpolation formulas we derive explicit theta function representations of 
elementary symmetric functions of fij, j = 1, ... ,n. While some of the material of 
this appendix is classical, some parts are taken from [45] (cf. also [46, App. F and 
G]), and [55]. Proofs are only presented for results that do not appear to belong 
to the standard arsenal of the literature on hierarchies of soliton equations. Our 
principal results on theta function representations derived in Sections 3 and 4 arc 
based on Theorem C.6. The results of this appendix apply to a variety of soliton 
equations and hence are of independent interest. 

Assuming n e N to be fixed and introducing 

S k = {1= 4) G N fc \h < ••• < 4 <n}, l<fc<n, (C.l) 

Z£) ={£= (£ 1 ,...,e k ) eS k \£ m ^j}, l<fc<n-l, (C.2) 
one defines 

*o(/£) = l. = (-l) fc X>/i-"W», l<k<n, (C.3) 

(/£) = 1, ^ (P) = (-l) k E W. ' ' ' - l<k<n- 1, $W (m) = 0, 

(C.4) 

where = (/xi, . . . , /Xn) <G C n . Explicitly, one verifies 

n n 

*i(h) = -E w ' *2(m) = E etc., (C.5) 

<=1 <1,<2=1 

n n 

^i" (/£) = "!>/> $ 2 J) (M)- E WiM/ 2 , etc. (C.6) 



<=1 <1,<S = 1 



Introducing 



F„(z) = 1[(Z - fij) - E U-tZ? = E *n-/Qf)^, (C7) 

i=i £=o £=o 



one infers {F^(z) = dF n (z)/dz) 



F'M = J{{fi k -fXj). (C.8) 



j'=i 



The general form of Lagrange's interpolation theorem (cf., e.g., [46, App. F], [59, 
App. E]) then reads as follows. 
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Theorem C.l. Assume that fii, ...,/(„ are n distinct complex numbers. Then 

E ~Ev~( \®k\t) = S m,n-k - (£)<*„,,„+!> ( C - 9 ) 

m = 1, . . . ,n+ 1, k = 0,...,n— 1. 
The simplest Lagrange interpolation formula reads in the case fc = 0, 

X! f/c a = *W» m =!.••■,«. (CIO) 

For use in the main text we also recall the following results. 

Lemma C.2 ([45], [46, App. F] ). Assume that (ii, . . . ,fj, n are n distinct complex 
numbers. Then 

(i) * fe+1 (M)+^<i>i J) (^)- ( f>i J ]i(H), k = 0,...,n-l,j = l,...,n. (C.ll) 
(ii) £> fc _*(/£)/^ -*i j) (/£), fc = 0,...,n,j = l,...,n. (C.12) 

(in) E^-i-^^T^fE**-^-^^). ( c - 13 ) 

fc = 0, . ..,71, j = 1,. ..,71. 

Next, assuming ^ 7^ for j ^ f, introduce the n x n matrix U n (fi) by 

r,.(/0 = 1. r„(//)= I fp— rf 7 1 • K'.u) 

where /£ = (/xi, . . . ,/i n ) € C™. 

Lemma C.3 ([45], [46, App. G]). Suppose fij e C, j = l,...,n, are n distinct 
complex numbers. Then 

MM) -1 = ■ (C15) 

Next, we express fi, F n (/j,j), and F r (fij) in terms of elementary symmetric func- 
tions of fii, . . . ,fi n . We start with the homogeneous expressions denoted by fe and 
F r (/j,j), where Cfc = 0, k = 0, . . . ,£ and c s = 0, s = 1, . . . , r. Let Ck(E_), k £ No, 
be defined as in (B.4) and suppose r E No- Then, combining (B.15) and (C.7) one 
infers 

£ 

f e = J2ce- k (E)*k([±), £ = Q,...,n. (C.16) 

fc=0 

Next, we turn to F r (nj). 
Lemma C.4. Let r e N . T/ien 1 , 

r 

Mh)= E c s (,b)$« s (m). (C.17) 

s=(r-n)V0 



1 m V n = max{m, n}. 
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Proof. By definition 

r r (i — £)An 

Fr(*) = 5Z£-^ = ZX E ^".M^-l-m©- (C18) 

Consider first the case r < n. Then 

r r— s 

FrW^^^E^-W^ ( C - 19 ) 

s=0 1=0 

and hence 



F r ( Mj ) = E^) $ - s (M), (C20) 



using (C.12). In the case where r > n + 1 we find (applying (C.7)) 



F r (z) = *m(!±) E ^"^M^) 

r— n / n \ r r — s 

s=0 ^ 1=0 ' s=r-n+l £=0 

r—n r r — s 

= F n (z)J2ts(E> r ~ n ~ S + E c s (E)J2^t(H> r ~ S ~ e (C21) 

s=0 s =r-n+l £=0 

r—n r r—s 

s=0 s=r-n+\ e=0 

Hence 

r 

F r (p 3 )= E c s (£)<I#2 s (m), (C.22) 

s=r— n+1 

using (C.12) again. □ 
Introducing 

<M£)=£c,_ fc _ ro (£)c ro (£), * = 0,...,^, £ = 0,...,n, (C.23) 

r — fc 

d r ,k(E) = ^c r - k - s c s (E ), fc = 0, ...,rAn, (C.24) 

for a given set of constants {c a } s —\ t ..^ r C C, the corresponding nonhomogeneous 
quantities ft, F n (fj,j), and F r (fij) are then given by 2 

e i 

h = Y J c t-k{E)h = Y J d ^ k ^ k ^ * = 0,---,n, (C.25) 



k=0 k=0 

n 

e=o e-o 



^(Mj) - E c "-^)^(ft) = E dnAE^Pi^ c o = 1, (C26) 



2 m An = min{ra, n}. 
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Fr(^) = E Zr-'F'iPi) = E dr,k{E)®k\B), T G N 0) C = 1, (C.27) 



s=0 fe=0 

using (B.13) and (B.14). Here c k (E), k G N , is denned by (B.7). 
Next, we prove a result needed in the proof of Theorem 4.10. 

Lemma C.5. Suppose r G No, (x, t r ) € fi^, where £1 M C K 2 is open and connected, 
and assume /ij ^ fij> on f2 M /or j ^ j' , j,f = 1, . . . , n. Then, 

F r<x {z, x, t r ) = (MHj(x, t r ), x, t r ) - F r (z, X, t r )) ^A*,^) ( C .28) 

Proof. It suffices to prove (C.28) for the homogeneous case where F r is replaced by 
F r . Using 

n 

*fc > x(/£) = -^^>*i J 2 1 (M), fc = 0,...,n, (C.29) 
with the convention 

( & ](M)=0, j = l,...,n, (C.30) 

one computes for r < n, 

r r — s 

F r , x {z) = Y Cs{E) Y ^r-s-tAt)^ 

n r r — s 

j=l s =0 £=0 

n r / r — s «. 

= - M,)- 1 ^C S (^)( - 2*r-.-/(Af)^J 

.7=1 s=0 ^ £=0 ' 

n 

= E (^(^) - Fr(z))^, x (z - H )-\ (C.31) 

J'=l 

applying (C.13), (C. 19), and (C.20). For r > n + 1 one obtains from (C.13), (C.21), 
and (C.22), 

r — n r r—s 

F r , x (z) = F n , x (z) ]T c s (S)z'-"- s + ^ c s (E) ]T * r -,-i,x<Sz? 

s=0 s=r— n+1 £=0 

n r — n 

= -F n (z) nAz - NT 1 E c s (E)z r - n - s 

j=l s=0 
n r r—s 

-Eft, E c a (s)2^V/-iQf)^ 

j=l s=r-n+l 1=0 

n r — n 

= -F n ( Z ) Y nAz - ^r 1 E Zs(E)z r - n - s 

j=l s=0 

• I*, * 1 E 2-(s)(*?2 8 (m)-E*'-«-^ 

j = l s =r-n+l ^ fcO 
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□ 

Next we turn to a detailed discussion of elementary symmetric functions of 
{fj,i, . . . , fjbn}. Given the nonsingular hyperelliptic curve JC n in (A.l), (A. 2), we 
introduce the first-order Dubrovin-type system 

dj ^ = ^-M^ Wn fff Try J,* = !,..,», (C33) 

m=£j 

v= («i,...,u n ) G V, 

with initial conditions 

{Aj(^))}j=l,-,n C K n (C.34) 

for some v Q G V, where V C C™ is an open connected set such that fij remain 

distinct on V, fJ,j ^ Mj' for j 7^ /, J, / = !.•••,«, and $^ fc (/z) ^ 0, j, fc = 1, . . . , n. 
One then obtains, using (C.33) and (C.9), 



n / 1 

-X^teW ir. «*»> 

' ' m=F3 



implying 



^ z_^z_^ ?_Ji = (30k - (So)ki (C.36) 

k = 1, . . . , n, w, w g V. 

Moreover, introducing 

'V- .'.':)-> . / (C37) 



(2)=E/ 



one then computes as in (C.35) 

dv n+1 (v) _ 
dv k 

using 



■*„+i_ fc (/i(u)) ) fc = l,...,n, (C.38) 



E^M^ r = -*„+i- P (/i), p=l,...,n (C.39) 

(cf. (C.9)). Thus, one concludes 

n^-^fe))=E^(^))^= z "-E% iM ^ 1 ' ^v, ( c - 4 °) 

j=i fco fe=i Wfe 
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whenever /i satisfies (C.33). 

In order to derive theta function representations of the elementary symmetric 
functions ^k(f^) of p,i(v) , . . . , fj, n (v) , k = 1, . . . ,n we recall that K n corresponds to 

the curve y 2 — Ilm=o 2 ( z — E m ) with pairwise distinct E m G C, m = 0, . . . , 2n + 2 
(cf. (A.l) and (A. 2)). Using the notation established in Appendix A, v n+ i(v) can 
be written as 

«^ife) = E/ ^=E/ 2g +iPaeI (C.41) 

where 

p., =z n dz/y (C.42) 

represents a differential of the third kind with simple poles at P QO+ and Poo_ and 
corresponding residues +1 and — 1, respectively. This differential is not normalized, 
that is, the a-periods of to P ^ P ^ are not all vanishing. We also introduce the 
notation 

z(P, B } = Eq -Aq (P)+Q Qo (V^, Pg/C„, » = {n 1 ,...,» n }€a n lC n (CAS) 

in connection with K, n , and similarly, 

- E Qo - Iq (P) + S Qo (^), P G £„, m = {Mi, • • • ,M e (C.44) 

in connection with JC n . Moreover, we conveniently choose Q n G d)C n (e.g., the 
initial point of the curve a\ C dJC n )- 

Theorem C.6. Suppose G a K n is nonspecial, fi = {Ai, . . . , An} G a"JC n - 
Then, 

n r a j n , r \ / " rfa n r 

E / *gU._=E(/ (e/ c <*-E/ (M- 

j—l J Qo j—i Waj / \ fe=1 "'Qo fe=1 Ja k 

+ 1 „C^i4) (C.45) 



, (C.46) 

W = 



(i(-Poo_,A) 

and 

9 , f0(z(P oo+ ,^)+w) 



d ( 

*n+l-fc(/£) = *n+l-fc(A) -E C j( fc )^T ln ^ 



\^U(Poo_, A) + 



fc = 1, . . . ,n, 

wifft A = (Ai, . . . , A„) G C™ introduced in (A. 24). 

Proof. Let T>jx G cr™^C„ be a nonspecial divisor on K, n , fi = {Ai, • • • , An} G cr™AC„. 
Introducing 

^(P)= , PtlCnMPoo^PooJ, (C.47) 

we can render ■ ) single- valued on 

IC n = IC n \ S, (C.48) 

where £ denotes the union of cuts 

S = S(P 00+ )US(P CO _), E(P co+ )nS(P oo _) = {Q }, (C.49) 
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with E(P oc+ ) (resp., Y,(P 00 _)) a cut connecting Q and Poo + (resp., Pqo_) through 
the open interior K, n (i.e., avoiding all curves dj, bj, aj 1 , bj 1 , j — l,...,n, with 

the exception of the point Qq G dJC n ), avoiding the points jij, j — 1, . . . ,n. The 
left and right side of the cut S(P oc± ) is denoted by S(P 00± )f and E(P oc± ) r . The 

oriented boundary dK, n of /C„, in obvious notation, is then given by 

di n = S(P 00+ ) £ U E(Poo + ) r U S(P 00 _) £ U S(P 00 _) r U dtC n , (C.50) 

that is, it consists of <9/C„ together with the piece from Qq to Poo + along the left 
side of the cut £(Poo + ) and then back to Qo along the right side of £(Poo + ), plus 
the corresponding pieces from Q to P QO _ and back to Qo along the cut T,(P 00 _ ), 
preserving orientation. Introducing the meromorphic differential, 

is = d\n(6(z( (C.51) 
the residue theorem applied to Sl^v yields 

k^-W^W-ii^-W) 

+ J fi (3 V = 2™ rcs(r2 (3 V). (C.52) 

Investigating separately the items occurring in (C.52) then yields the following 
facts: 



I 
j 

Jbi 



u = 0, j = l,...,n, (C.54) 



v = 2m((E Qo ). - (A Qo (R( aj ))) . + (ag^V^).) - iirr jd , j = l,...,n, 

(C.55) 

applying (A. 33) in (C.54) and (C.55). Here R(a,j) denotes the end point of aj C 
<9/C„, j = 1, . . . , n. In addition, the cut X produces the contribution 

k \Jq Jq„ J Jp^_ Ul(^oo_,M)), 

(C.56) 

since (by an application of the residue theorem) 

h^ifie) - h^(fi r ) = ±2ni, & e S(Poo±)/, G S(P oc± ) r , (C.57) 

where fig G S(Poo ± )£ and /} G £(Poo ± ) r are on opposite sides of the cut S(P OCJ± ). 
Recalling the well-known results, 

(A Qa {R{a ] ))) 3 = \ + j a (A Qo )^, j = l,...,n, (C.58) 
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(Z Qo ) 3 = -(1 + t^)-J2 (A Qo )^k, j = l,...,n, (C.59) 

equations (C.52)-(C.59) imply 

n /"A? n / r \ / n /*Afc n r 

e/ =e(/ sj £ + ,p-)(s/ <*-e/ 



+,a {m^>>)- (a60) 

This proves (C.45). 

In the following we will apply (C.60) to /L,-, j = 1, . . . ,n satisfying the first-order 
system (C.33), (C.34) on some open connected set V such that fij, j — 1, . . . ,n, 
remain distinct on V and $i J 2 fc (/z) ^ on V, j, k = 1, . . . , n. Using (A.12), (C.35), 
and (C.9) one computes 

^(^(%,))),=^Ey Qo ^-E^y Qo <*m*» 

= > Cjim) — — 



E <*(m)$<f! fc1 



m — 1 



= cj(fc), »eV. (C.61) 
Thus, (C.40) and (C.61) imply 



3 = 

Cj w ^ 111 ^ ^(p^. , Adz)) + aO 



(C.62) 



w=0 

u € V, fc = 1, . . . , n. 

We replaced 1 by z to arrive at (C.62) using properties (A. 33) of 0. If fij, j = 
1, . . . , n, are distinct and ^ 0, j, A; = 1, . . . , n, we can choose /tj(w ) = fij, 

j = 1, . ..,n, and obtain (C.46). The general case where is nonspecial, then 
follows from (C.62) by continuity, choosing V such that there exists a sequence 
v p G V with (i(Vp) — > A as P ~ > 00 • Finally, invoking the normal differential of the 

third kind in (A. 24), — II^iC 21- \)dz/y, corresponding to ujp^ P ^ = 

z n dz/y 1 a simple computation, combining (A. 9), (A. 10), (A. 11), (A. 24), and the 
normalization J a ojp^ Poo = 0, j = 1, . . . , n, yields 

f>W / 2 { pl + , Peo ) =*n+i-fcCA), fc = l,...,n. (C.63) 
Equations (C.62) and (C.63) complete the proof of (C.46). □ 
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Formulas (C.40), (C.45), and (C.46) (without explicit proofs and without the 
explicit form of the constant terms on the right-hand sides of (C.45) and (C.46)) 
have been used in [55] in the course of deriving algebro-geometric solutions of the 
Dym equation. Our approach based on the Dubrovin-type system (C.33) appears 
to be new. It can easily be adapted to the case of KdV-type hyperelliptic curves 
branched at infinity (cf. [46, App. B]). Since solutions of 1 + 1-dimensional soliton 
equations typically can be expressed in terms of trace formulas involving elementary 
symmetric functions of (projections of) auxiliary divisors, results of the type of 
(C.46) are of general interest in this context. 

Acknowledgments. We are indebted to Mark Alber, Darryl Holm, and Jerry 
Marsden for helpful comments and many hints regarding the literature. 
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